Numerical Algorithms 0 (2000) 1–14 1

Conjectures and Theorems in the Theory of Entire Functions

George Csordas

Department of Mathematics, University of Hawaii, Honolulu, HI 96822 E-mail: george@math.hawaii.edu

Dimitar K. Dimitrov^∗

DCCE, IBILCE, UNESP, 15054-000 São José do Rio Preto, SP, Brazil E-mail: dimitrov@nimitz.dcce.ibilce.unesp.br

Received ; revised ; accepted

Dedicated to Professor R. S. Varga on the occasion of his 70th birthday.

Motivated by the recent solution of Karlin’s conjecture, properties of functions in the Laguerre–Pólya class are investigated. The main result of this paper establishes new moment inequalities for a class of entire functions represented by Fourier transforms. The paper concludes with several conjectures and open problems involving the Laguerre–Pólya class and the Riemann ξ-function.

Keywords: keyword Laguerre-Pólya class, Karlin’s conjecture, Turán inequalities, double Turán inequalities, Fourier transform, admissible kernel, Riemann Hypothesis, de Bruijn- Newman constant.

AMS Subject classification: Primary 30D10, 30D15, 26A51; Secondary 65E05.

1. The Laguerre-Pólya class, Karlin’s conjecture and the Turán inequalities

A real entire function ψ(x) is said to be in the Laguerre-Pólya class, written ψ ∈ L − P, if ψ(x) can be represented in the form

ψ(x) = cx^me^{−αx2+βx} ω∏ k=1 (1 + x/x_k )e^{−x/xk} , (0 ≤ ω ≤ ∞), (1.1) ∗ The research of the second author is supported by the Brazilian Science Foundations CNPq under Grant 300645/95-3 and FAPESP under Grant 97/06280-0.

where c, β, x_k are real, α ≥ 0, m is a nonnegative integer, ∑ x^{−2}_k < ∞ and where, by the usual convention, the canonical product reduces to 1 when ω = 0. Pólya and Schur [24] termed a real entire function φ(x) as a function of type I in the Laguerre-Pólya class, written φ ∈ L − PI, if φ(x) or φ(−x) can be represented in the form φ(x) = cx^me^{σx} ω∏ k=1 (1 + x/x_k), (0 ≤ ω ≤ ∞), (1.2)

where c is real, σ ≥ 0, m is a nonnegative integer, x_k > 0, and ∑ 1/x_k < ∞. It is clear that L − PI ⊂ L − P. The significance of the Laguerre-Pólya class in the theory of entire functions is natural, since functions in this class, and only these are the uniform limits, on compact subsets of CI, of polynomials with only real zeros (see, for example, Levin [18, Chapter 8]). Thus, it follows from this result that the class L − PI is closed under differentiation; that is, if φ ∈ L − PI, then φ^{(n)} ∈ L − PI for n ≥ 0. Another fact cogent to our presentation is the following important observation of Pólya and Schur [24]. If a function

φ(x) := ∞∑ k=0 γ_k x^k k! (1.3)

is in L − P and its Maclaurin coefficients γ_k, k = 0, 1, . . . , are nonnegative, then φ ∈ L − PI. In the literature, the sequence {γ_k}^∞_0 of Maclaurin coefficients of a function in L − PI is called a multiplier sequence (cf. Pólya and Schur [24]). For the various properties of functions in Laguerre-Pólya class we refer the reader to [3], [4], [18, Chapter VIII], [20, Kapitel II], [21] and the references contained therein. Finally, in the sequel we will adopt the following notation.

Notation. For any 2m−2 times continuously differentiable function f, the m×m Hankel determinant H_m(f; x) is defined by

H_m(f; x) := det(f^{(i+j)}(x))^{m−1}_{i,j=0} =

| | | | | | | | | f(x) f^′(x) · · · f^{(m−1)}(x) f^′(x) f^{′′}(x) · · · f^{(m)}(x) . . . . . . . . f^{(m−1)}(x) f^{(m)}(x) · · · f^{(2m−2)}(x)

| | | | | | | | | .

With the foregoing terminology, Karlin’s conjecture ([17, p. 390] see also [3, p. 258] regarding a misprint in [17, p. 390]) is as follows.

Karlin’s Conjecture. (Karlin [17, p. 390]) Let φ(x) := ∑_∞ k=0 γ_k^{xk}_{k!} ∈ L − P and suppose that the Maclaurin coefficients γ_k ≥ 0 for k = 0, 1, 2, . . .. Then for any q = 0, 1, 2, . . . and m = 2, 3, 4, . . ., (−1)^{m(m−1)/2}H_m(φ^{(q)}; x) ≥ 0 for all x ≥ 0. (1.4)

For the motivation and interesting history of Karlin’s conjecture we refer the reader to [15], [14] and [5]. In these papers, the authors have independently obtained counterexamples to Karlin’s conjecture and have answered an old, related question of Pólya (c. 1934). Moreover, in [15] and [5] the authors have demonstrated that Karlin’s conjecture is valid for several subclasses of functions in L − P! As a concrete illustration, we cite here the following result of Dimitrov [15, Theorem 5] (see also, [5, Theorem 4.5]).

Theorem 1.1. ([15, Theorem 5]) Suppose ∑_∞ k=0 γ_kx^k ∈ L − PI, where γ_k ≥ 0 for k = 0, 1, 2, . . . . Then the entire function φ(x) := ∑_∞ k=0 γ_k^{xk}_{k!} is also in L − PI and for any q = 0, 1, 2, . . . and m = 2, 3, 4, . . .,

(−1)^{m(m−1)/2}H_m(φ^{(q)}; x) ≥ 0 for all x ≥ 0. (1.5)

A noteworthy special case of inequalities (1.5) arises when x = 0:

(−1)^{m(m−1)/2}

| | | | | | | | γ_q γ_{q+1} · · · γ_{q+m−1} γ_{q+1} γ_{q+2} · · · γ_{q+m} . . . . . . . . γ_{q+m−1} γ_{q+m} · · · γ_{q+2m−2}

| | | | | | | | ≥ 0. (1.6)

These inequalities can be readily deduced from the following beautiful characterization of functions in L − PI. Let φ(x) := ∑_∞ k=0 γ_kx^k, γ_k ≥ 0, be an entire function. Then φ ∈ L−PI if and only if {γ_k}^∞_0 is a totally positive sequence (see [17, p. 412, Theorem 5.3] or [15]). We recall that {γ_k}^∞_0 is a totally positive sequence if ∑ γ_kx^k is an entire function and if all the minors of all orders of the infinite lower triangular matrix (γ_{i−j} )_{i,j=1}, where γ_m := 0 if m < 0, are nonnegative.

It has been known for a long time that Karlin’s conjecture is true in certain special cases. Indeed, if m = 2, inequalities (1.4) reduce to the well-known Laguerre inequalities (see, for example, [3] or [8])

L_q(φ(x)) := (φ^{(q)}(x))^2 − φ^{(q−1)}(x)φ^{(q+1)}(x) ≥ 0, q = 1, 2, 3 . . . , (1.7)

which hold for all real x and for all functions φ ∈ L − P. Thus, if φ(x) := ∑_∞ k=0 γ_k^{xk}_{k!} is an entire function of order at most 2, then (substituting x = 0 in inequality (1.7)) a necessary condition that φ(x) have only real zeros is that

T_k := γ^2_k − γ_{k−1}γ_{k+1} ≥ 0, k = 1, 2, 3, . . . . (1.8)

While the inequalities (1.8) are today commonly referred to as the Turán inequalities (associated with the entire function φ(x)), they may be more precisely called the Euler- Laguerre-Pólya-Schur-Turán inequalities. Karlin’s conjecture is also valid in the case when m = 3. In [3] Craven and Csordas investigated certain polynomial invariants and used them to prove the following theorem.

Theorem 1.2. ([3, Theorem 2.13]) If

φ(x) := ∞∑ k=0 γ_k x^k k! ∈ L − PI, where γ_k ≥ 0 for k = 0, 1, 2, . . . , (1.9)

then

H_3(φ^{(q)}; x) ≤ 0 for all x ≥ 0 and q = 0, 1, 2, . . . . (1.10)

In particular,

Δ_{k−2} := | | | | | | γ_{k−2} γ_{k−1} γ_k γ_{k−1} γ_k γ_{k+1} γ_k γ_{k+1} γ_{k+2}

| | | | | | ≤ 0, k = 2, 3, 4, . . . . (1.11)

An examination of the inequalities (1.11) suggests the following extension of the Turán inequalities (1.8). We will say that a sequence of nonnegative real numbers {γ_k}^∞_{k=0} satisfies the double Turán inequalities, if

E_k := T^2_k − T_{k−1}T_{k+1} ≥ 0, k = 2, 3, 4, . . . . (1.12)

Now a calculation shows that (cf. (1.11)) E_k = −γ_kΔ_{k−2}, k = 2, 3, . . ., and thus as an immediate consequence of Theorem 1.2 we have the following corollary.

Corollary 1.3. ([3, Corollary 2.14]) If

φ(x) := ∞∑ k=0 γ_k x^k k! ∈ L − PI, where γ_k ≥ 0 for k = 0, 1, 2, . . . , (1.13)

then the sequence {γ_k}^∞_{k=0} satisfies the double Turán inequalities

E_k = T^2_k − T_{k−1}T_{k+1} = −γ_kΔ_{k−2} ≥ 0, k = 2, 3, 4, . . . , (1.14)

where Δ_{k−2} is defined by (1.11).

For other types of generalizations of the Turán inequalities we refer to [16] or [8].

2. The Turán and double Turán inequalities for Fourier transforms

In this section we establish a new sufficient condition that guarantees that the double Turán inequalities (see (1.14) of Corollary 1.3) hold for a class of entire functions represented by Fourier transforms. While the moment inequalities derived here are of independent interest, our investigation is motivated by the theory of L − P functions and its intimate connection with the Riemann ξ-function. For the reader’s convenience and for the sake clarity of exposition, we begin with a brief review of some terminology and facts that will be needed in the sequel.

Let H(x) := 1 8 ξ ( x 2 ) := ∫_∞ 0 Φ(t) cos(xt)dt , (2.1)

where

Φ(t) := ∞∑ n=1 πn^2 ( 2πn^2e^{4t} − 3 ) exp ( 5t − πn^2e^{4t} ) . (2.2)

Then it is well known that Riemann Hypothesis is equivalent to the statement that all the zeros of H(x) are real (cf. [26, p. 255]). We remark parenthetically that, today, there are no known explicit necessary and sufficient conditions which a function must satisfy in order that its Fourier transform have only real zeros (see, however, [23, p. 17] or [22, p. 292]). Nevertheless, the raison d’être for investigating the kernel Φ(t) is that there is a connection (the precise meaning of which is unknown) between the properties of Φ(t) and the distribution of the zeros of its Fourier transform.

Some of the known properties of Φ(t) defined by (2.2) are summarized in the following theorem.

Theorem 2.1. ([9, Theorem A]) Consider the function Φ(t) of (2.2) and set

Φ(t) = ∞∑ n=1 a_n(t), (2.3)

where

a_n(t) := πn^2 ( 2πn^2e^{4t} − 3 ) exp ( 5t − πn^2e^{4t} ) , n = 1, 2, . . . . (2.4)

Then, the following are valid:

(i) for each n ≥ 1, a_n(t) > 0 for all t ≥ 0, so that Φ(t) > 0 for all t ≥ 0;

(ii) Φ(z) is analytic in the strip −π/8 < Im z < π/8;

(iii) Φ(t) is an even function, so that Φ^{(2m+1)}(0) = 0, m = 0, 1, . . . ;

(iv) Φ^′(t) < 0 for all t > 0;

(v) for any ε > 0 ,

lim_{t→∞} Φ^{(n)}(t) exp [ (π − ε)e^{4t} ] = 0 for each n = 0, 1, . . . .

Thus, H(x) = 1 2 ∫_∞ −∞ Φ(t)e^{ixt}dt = ∫_∞ 0 Φ(t) cos(xt)dt (2.5) is an entire function of order one ([26, p. 16]) of maximal type (cf. [10, Appendix A]) whose Taylor series about the origin can be written in the form H(z) = ∞∑ m=0 (−1)^mb_m (2m)!

z^{2m}, (2.6) where b_m := ∫_∞ 0 t^{2m}Φ(t)dt, m = 0, 1, 2, . . . . (2.7) The change of variable, z^2 = −x in (2.6), gives F (x) := ∞∑ k=0 γ_k x^k k! = ∞∑ k=0 b_k x^k (2k)!

, γ_k := k! (2k)!

b_k. (2.8)

Then it is easy to see that F (x) is an entire function of order 1/2 and that the Riemann Hypothesis is equivalent to the statement that all the zeros of F (x) are real and negative, that is, F (x) ∈ L − PI. Thus, a necessary condition for F (x) to have only real zeros is that the γ_k ’s satisfy the Turán inequalities. Whence, in terms of the moments b_m (cf. (2.7)), the Turán inequalities can be expressed in the form b^2_m − 2m − 1 2m + 1 b_{m−1}b_{m+1} ≥ 0, m = 1, 2, 3, . . . . (2.9) Different proofs of these inequalities may be found in [9] and [7].

Preliminaries aside, we next turn to a class of kernels whose properties parallel those of Φ(t) listed in Theorem 2.1.

Definition 2.2. A function K : IR −→ IR is called an admissible kernel, if it satisfies the following properties: (i) K(t) > 0 for t ∈ IR, (ii) K(t) is analytic in the strip |Im z| < τ for some τ > 0, (iii) K(t) = K(−t) for t ∈ IR, (iv) K^′(t) < 0 for t > 0, and (v) for some ε > 0 and n = 0, 1, 2, . . ., K^{(n)}(t) = O ( exp(−|t|^{2+ε}) ) as t −→ ∞. Now it can be readily verified that the Fourier transform of an admissible kernel, K(t), represents an even entire function whose moments b_k := ∫_∞ 0 t^{2k}K(t)dt, k = 0, 1, 2, . . . (2.10) all exist. The proof of the main theorem of this section (see Theorem 2.4 below) requires a preparatory result. This result provides a remarkable relationship that was discovered by the authors, thanks to a bit of serendipity, in the course of their investigation of logarithmically concave functions.

Lemma 2.3. Let K(t) be an admissible kernel. For t > 0, set s(t) := K( √ t), f(t) := s^′(t)^2 − s(t)s^{′′}(t) and

w(t) := | | | | | |

(_{K′(t)} tK(t) )_′ (_{K′(t)} tK(t) )_{′′} ( (K^′ (t)/t)^′ tK(t) )_′ ( (K^′(t)/t)^′ tK(t) )_{′′} | | | | | | .

If f(t) > 0 and g(t) := (log(f(t)))^{′′} < 0 for t > 0, then w(t) = 64 t^3 g(t^2) f(t^2)^2

K(t)^4

< 0, t > 0. (2.11)

Proof. Using the properties of an admissible kernel, the verification of (2.11) involves only routine, straightforward calculations and thus we omit the details here. However, the calculations are rather lengthy and consequently the reader may wish to use a symbolmanipulating program to check the validity of the expression for w(t) given in (2.11).

Theorem 2.4. Let K(t) be an admissible kernel and let b_k denote its moments defined by (cf. (1.10)).

(a) If log K( √ t) is concave for t > 0, that is,

(log K( √ t)^{′′} < 0 for t > 0, (2.12)

then the Turán inequalities (2.9) hold.

(b) Let s(t) := K( √ t) and f(t) := s^′(t)^2 − s(t)s^{′′}(t). If both log K( √ t) and log f(t) are concave for t > 0, that is, if the inequalities (2.12) and

(log f(t)))^{′′} < 0 for t > 0, (2.13)

hold, then the double Turán inequalities (1.14) also hold, where γ_k := (k!/(2k)!)b_k.

Proof. Part (a) of the theorem was proved in [7, Proposition 2.2]. Here we first provide a slightly different proof of (a) and then, by generalizing the technique, we proceed to prove part (b).

Since T_k = γ^2_k − γ_{k−1}γ_{k+1} (cf. (1.8)), it is clear that −T_k = c_k | | | | (2k − 1)b_{k−1} b_k (2k + 1)b_k b_{k+1} | | | | , where c_k := 2 k!(k + 1)!/((2k)!(2k + 2)!). If we integrate by parts (see (2.10)) and use property (v) (cf. Definition 2.2) of the admissible kernel, K(t), then we obtain

(2k − 1)b_{k−1} = ∫_∞ 0 t^{2k}(−K^′(t)/t)dt. Hence, by a problem of Pólya and Szegő [25, Part II, Problem 68], we can express −T_k as −T_k = c_k 2 ∫_∞ 0 ∫_∞ 0 x^{2k}_1 x^{2k}_2 (x_1 + x_2)K(x_1)K(x_2) { (x_2 − x_1) | | | | | −K^′(x_1) x_1K(x_1)

−K^′(x_2) x_2K(x_2) 1 1 | | | | | } dx_1dx_2. Now, by the mean value theorem, the expression in braces is equal to

(x_2 − x_1)^2 ( d dt { K^′(t) tK(t) }) t=η , where η ∈ (min{x_1, x_2}, max{x_1, x_2}).

Since an easy calculation shows that the assumption (2.12) is equivalent to d dt { K^′(t) tK(t) } < 0 for t > 0.

and since the kernel K(t) > 0, t ∈ IR, we conclude that the integrand, in the integral representation of −T_k, is negative. Thus, the proof of part (a) is complete.

Turning to the proof of part (b), we first note that, (i) f(t) > 0, t > 0, by (2.12) and (ii) in view of the relations (1.14), it suffices to prove inequalities (1.11). Since γ_k =^{k!}_{(2k)!} b_k, it follows from an elementary, albeit tedious, calculation that, for k ≥ 2,

Δ_{k−2} = c_1(k) | | | | | | (2k − 1)(2k − 3)b_{k−2} (2k − 1)b_{k−1} b_k (2k + 1)(2k − 1)b_{k−1} (2k + 1)b_k b_{k+1} (2k + 3)(2k + 1)b_k (2k + 3)b_{k+1} b_{k+2},

| | | | | | ,

where

c_1(k) := 1 (2k + 1)^2(2k + 3) ( k! (2k)!

)_3 . In order to express Δ_{k−2} in terms of integrals, we integrate (1.10) by parts twice and obtain

(2k + 3)(2k + 1)b_k = ∫_∞ 0 t^{2k+3} ( K^′(t) t )_′ dt. Thus,

Δ_{k−2} = c_1(k) | | | | | | |

∫_∞ 0 t^{2k−1} (_{K′ (t)} t )_′ dt ∫_∞ 0 t^{2k−1}(−K^′(t))dt ∫_∞ 0 t^{2k−1}(tK(t))dt ∫_∞ 0 t^{2k+1} (_{K′(t)} t )_′ dt ∫_∞ 0 t^{2k+1}(−K^′(t))dt ∫_∞ 0 t^{2k+1}(tK(t))dt ∫_∞ 0 t^{2k+3} (_{K′(t)} t )_′ dt ∫_∞ 0 t^{2k+3}(−K^′(t))dt ∫_∞ 0 t^{2k+3}(tK(t))dt

| | | | | | | .

Now, another application of [25, Part II, Problem 68] (with Pólya and Szegő’s notation,

f_1(t) := t^{2k−1}, f_2(t) := t^{2k+1}, f_3(t) := t^{2k+3}, φ_1(t) := (K^′(t)/t)^′, φ_2(t) := −K^′(t) and

φ_3(t) := tK(t)) yields the triple integral representation

Δ_{k−2} = c_1(k) 3! ∫_∞ 0 ∫_∞ 0 ∫_∞ 0 x^{2k−1}_1 x^{2k−1}_2 x^{2k−1}_3 M(x^2_1, x^2, x^2_3)V (K; x_1, x_2, x_3)dx_1dx_2dx_3,

where

M(x^2_1, x^2, x^2_3) := | | | | | 1 1 1

x^2_1 x^2 x^2_3

x^4_1 x^4_2 x^4_3

| | | | | = (x^2_3 − x^2)(x^2_3 − x^2_1)(x^2 − x^2_1)

is the Vandermonde determinant of x^2_1, x^2 and x^2_3 and

V (K; x_1, x_2, x_3) :=

| | | | | | | | | | |

(_{K′(x1)} x_1 )_′ (_{K′ (x2)} x_2 )_′ (_{K′ (x3)} x_3 )_′

−K^′(x_1) −K^′(x_2) −K^′(x_3)

x_1K(x_1) x_2K(x_2) x_3K(x_3)

| | | | | | | | | | | .

Consider the above triple integral over the first octant and represent it as a sum over

the regions R_{ijs} := {0 < x_i < x_j < x_s < ∞}, where the summation extends over all

permutations of the indices i, j and s. For a fixed, but arbitrary permutation (i, j, s), we

consider the triple integral I_{ijs} over the region R_{ijs},

I_{ijs} := ∫ ∫ ∫ R_{ijs} x^{2k−1}_1 x^{2k−1}_2 x^{2k−1}_3 M(x^2_1, x^2, x^2_3)V (K; x_1, x_2, x_3)dx_1dx_2dx_3.

The permutation (i, j, s) applied to the columns of both determinants M(x^2_1, x^2, x^2_3) and

V (K; x_1, x_2, x_3) yields

I_{ijs} = ∫ ∫ ∫ R_{ijs} x^{2k−1}_i x^{2k−1}_j x^{2k−1}_s M(x^2_i , x^2_j , x^2_s )V (K; x_i, x_j , x_s)dx_idx_j dx_s. (2.14)

We will now proceed to show that I_{ijs} is negative. To this end, with the aid of

elementary operations (multiply V (K; x_i, x_j , x_s) by minus one, interchange the first and

the third rows of V (K; x_i, x_j , x_s), and then divide each column by its first element and

finally multiply the last two rows by −1), we express V (K; x_i, x_j , x_s) in the form

V (K; x_i, x_j , x_s) = x_ix_j x_sK(x_i)K(x_j )K(x_s)W (K; x_i, x_j , x_s), where

W (K; x_i, x_j , x_s) :=

| | | | | | | | | | |

1 1 1 −^{K′(xi)} x_iK(x_i) − K^′ (x_j )

x_j K(x_j ) −

K^′ (x_s) x_sK(x_s) − (^{K′(xi)/xi}) ′ x_iK(x_i) − (K^′(xj )/xj )^′ x_j K(x_j ) − (K^′ (xs)/xs)^′ x_sK(x_s)

| | | | | | | | | | | .

Next, we set

h_1(t) := 1 and h_2(t) := −K^′(t) tK(t) . Then | | | | h_1(t) h^′_1(t)

h_2(t) h^′_2(t) | | | | > 0, for t > 0, is equivalent to (2.12). Hence, we can apply a generalized mean-value theorem [25, Part

V, Problem 99] to conclude that there exists η, x_i < η < x_s, such that

sign W (K; x_i, x_j , x_s) = sign | | | | | |

(_{K′(η)} ηK(η) )_′ (_{K′ (η)} ηK(η) )_{′′} ( (K^′(η)/η)^′ ηK(η) )_′ ( (K^′(η)/η)^′ ηK(η) )_{′′} | | | | | | =: sign w(η).

Since by Lemma 2.3 (cf. (2.11)) w(t) < 0 for t > 0, W (K; x_i, x_j , x_s) < 0 and a fortiori

V (K; x_i, x_j , x_s) < 0 in R_{ijs}. Therefore, the integral I_{ijs} (cf. (2.14)) is negative. This

completes the proof of the theorem.

Remark 2.5. We remark that an examination of the proof of Theorem 2.4 shows that it

remains valid under less restrictive assumptions on the kernel K(t).

3. Open problems and conjectures

We conclude this paper with a brief survey of some open problems and conjectures

pertaining to functions in the Laguerre-Pólya class (L − P) and the Riemann ξ-function.

Problem 3.1. (Higher order Turán inequalities.) Let {γ_k}^∞_0 , γ_k ≥ 0, k ≥ 0, be a

multiplier sequence, so that φ(x) := ∑_∞ k=0 γ_k^{xk}_{k!} ∈ L − PI. Set T_1(k) := T_1(k; φ) := γ^2_k − γ_{k−1}γ_{k+1}, k ≥ 1 and T_n(k) := T_n(k; φ) := T_{n−1}(k; φ)^2 − T_{n−1;}(k − 1; φ)T_{n−1}(k + 1; φ), k ≥ n ≥ 2.

Then, is it true that

T_n(k) = T_n(k; φ) ≥ 0 for k ≥ n ≥ 2? (3.1)

An affirmative answer to (3.1) would provide a set of strong necessary conditions for an entire function to have only real negative zeros. We have seen (cf. (1.14) of Corollary 1.3)) that the double Turán inequalities hold (i.e. the inequalities (3.1) are true when n = 2). Recently, Craven and the first author have shown, in a manuscript under preparation, that (3.1) has an affirmative answer for certain subclasses of multiplier sequences.

Problem 3.2. (The double Turán inequalities for the Riemann ξ-function.) Let

H(x) := 1 8 ξ ( x 2 ) := ∫_∞ 0 Φ(t) cos(xt)dt = ∞∑ m=0 (−1)^mb_m (2m)!

x^{2m} , (3.2)

where the kernel, Φ(t), and the moments, b_m, are defined by (2.2) and (2.7) respectively. Let γ_k :=^{k!}_{(2k)!} b_k. Then we conjecture that the sequence {γ_k}^∞_0 satisfies the double Turán inequalities

T_2(k) = T_2(k; H) ≥ 0, k ≥ 2. (3.3)

In light of Corollary 1.3, the failure of inequalities (3.3) would imply that the Riemann Hypothesis is false. There are, however, more compelling reasons for the validity of this conjecture. First, in 1983, Varga et al. [9] have computed the first 120 moments with high degree of precision. (Since then these computations have been significantly extended by Varga et al. in the Department of Mathematical Sciences at Kent State University.) Numerical experiments, using these computed values of the moments, show that T_2(k) > 0, at least for 2 ≤ k ≤ 500. Second, since the sequence {^{k!}_{(2k)!} } can be shown to satisfy (3.3) and since the moments, b_k, do not grow “too fast”, we expect that (3.3) is true.

A different strategy for proving (3.3) could make use of Theorem 2.4. This approach requires, however, a careful examination of the concavity properties of the kernel Φ(t) in (3.2) as the next problem suggests.

Problem 3.3. (A concavity condition for Φ(t).) Let s(t) := Φ( √ t) and f(t) = s^′(t)^2 − s(t)s^{′′}(t). Then we conjecture that

(log(f(t)))^{′′} < 0 for t > 0. (3.4)

We hasten to remark that in [7, Theorem 2.1] it was shown that log Φ( √ t) is concave for t > 0, so that f(t) > 0 for t > 0. Our initial investigation suggests that a proof of (3.4) may also require the fact that the function Φ( √ t) is convex for t > 0 [6, Theorem 2.12].

Problem 3.4. (Theorem 2.4 and the Laguerre-Pólya class.) State and prove an analogue of Theorem 2.4 for an arbitrary function in the Laguerre-Pólya class.

Since, in general, an arbitrary function φ(x) ∈ L − P is not the Fourier transform of a “nice” function, a solution of Problem 3.4 might involve a different kind of integral representation of functions in L − P. One such representation, due to de Bruijn [1, Theorem 2] (which deserves to be better known) may be stated as follows. If φ(x) is any function in L − P, then there is a unique, C^∞ function, K(t), such that e^{−x2/2}φ(x) = 1 2π ∫_∞ −∞ e^{−t2/2}K(t)e^{ixt}dt. (3.5) Thus, the de Bruijn representation (3.5), together with the observation (see Remark 2.5) that Theorem 2.4 remains valid if we relax some of the assumptions on the kernel K(t), may well make this problem tractable.

We have seen in Section 1 that, while Karlin’s conjecture is not true in general (the characterization of the class of functions in L − PI for which it is valid remains open), it is true, however, in the special cases m = 2 (cf. (1.7)) and m = 3 (cf. (1.10)).

Problem 3.5. (The Laguerre inequalities and the Riemann-ξ function.) Let

F (x) := ∞∑ k=0 γ_k x^k k! = ∞∑ k=0 b_k x^k (2k)!

, γ_k := k! (2k)!

b_k, (3.6)

where the moments b_k are defined by (2.7). Then, prove that

L_q(F (x)) := (F^{(q)}(x))^2 − F^{(q−1)}(x)F^{(q+1)}(x) ≥ 0, q = 1, 2, 3 . . . , for all x ∈ IR. (3.7)

In [13, Corollary 3.4] it was shown, as a consequence of the concavity properties of Φ(t), that (3.7) holds for all x ≥ 0.

In order to formulate the next problem, we require some additional notation and background information. Let

H_t(x) = ∫_∞ 0 e^{tu2} Φ(u) cos(xu)du, t ∈ IR, (3.8) so that H_0(x) = H(x) and the Riemann ξ-function are related by (2.1). In 1950, de Bruijn [2] established that H_t has only real zeros for t ≥ 1/2 and that if H_t has only real zeros for some real t, then H_t′ has only real zeros for any t^′ ≥ t. In 1976, C. M. Newman [19] showed further that there is a real constant Λ, which satisfies −∞ < Λ ≤ 1/2, such that

H_t has only real zeros if and only if t ≥ Λ. (3.9)

In the literature, this constant Λ is now called the de Bruijn-Newman constant. This brings us to the following open problem conjectured by C. M. Newman [19].

Problem 3.6. (The de Bruijn-Newman constant.) Is it true that

Λ ≥ 0? (3.10)

The de Bruijn-Newman constant Λ has been investigated extensively because the truth of the Riemann Hypothesis is equivalent to the assertion that Λ ≤ 0. The research activity in finding lower bounds for Λ, have been summarized in [11]. In particular, in [11] it was shown, with the aid of a spectacularly close pair of consecutive zeros of the Riemann zeta function, that −5.895 · 10^{−9} < Λ.

The introduction of the function H_t(x) (see (3.8)) suggests several other interesting questions, which, for the sake of brevity we will only mention in passing. Thus, one problem is the determination of the supremum of the values of t such that the Laguerre inequalities (3.7) fail for H_t(x). (Note that in [12] it was shown that when t := −0.0991, then the Laguerre inequalities (3.7) fail for x := −830.512 . . ..) Another problem, which parallels Problem 3.2 and whose solution may shed light on the determination of the de Bruijn-Newman constant Λ, is as follows. For k ≥ 0 set

γ_k(t) := k!b_k(t) (2k)!

where b_k(t) := ∫_∞ 0 e^{tu2} u^{2k}Φ(u)du, t ∈ IR. (3.11) Then determine the values of t, if any, for which the sequence {γ_k(t)}^∞_0 fails to satisfy the double Turán inequalities (cf. Problem 3.2).

References

[1] N. G. de Bruijn, An analogue of Grace’s apolarity theorem, Niew Arch. voor Wiskunde 23 (1949), 69–76.

[2] N. G. de Bruijn, The roots of trigonometric integrals, Duke J. Math. 17 (1950), 197–226. [3] T. Craven and G. Csordas, Jensen polynomials and the Turán and Laguerre inequalities, Pacific J.

Math. 136 (1989), 241–260.

[4] T. Craven and G. Csordas, Complex zero decreasing sequences, Methods Appl. Anal. 2 (1995), 420–441.

[5] T. Craven and G. Csordas, Karlin’s conjecture and a question of Pólya (to appear). [6] G. Csordas, Convexity and the Riemann ξ function, Glas. Mat. Ser. III 33 (1998), 37–50. [7] G. Csordas and R. S. Varga, Moment inequalities and the Riemann hypothesis, Constr. Approx. 4 (1988), 175–198.

[8] G. Csordas and R. S. Varga, Necessary and sufficient conditions and the Riemann hypothesis, Adv.

in Appl. Math. 11 (1990) 328–357.

[9] G. Csordas, T. S. Norfolk and R. S. Varga, The Riemann hypothesis and the Turán inequalities, Trans. Amer. Math. Soc. 296 (1986), 521–541.

[10] G. Csordas, T. Norfolk and R. Varga, A lower bound for the de Bruijn-Newman constant Λ, Numer.

Math. 52 (1988), 483–497.

[11] G. Csordas, A. M. Odlyzko, W. Smith and R. S. Varga, A new Lehmer pair of zeros and a new lower bound for the de Bruijn–Newman constant Λ, Electron. Trans. Numer. Anal. 1 (1993), 104–111.

[12] G. Csordas, A. Ruttan and R. S. Varga, The Laguerre inequalities with applications to a problem associated with the Riemann Hypothesis, Numer. Algorithms 1 (1991), 305–330.

[13] G. Csordas, R. S. Varga and I. Vincze, Jensen polynomials with applications to the Riemann ξ-function, Math. Appl. 153 (1990), 112–135.

[14] D. K. Dimitrov, A problem of Pólya concerning polynomials which obey Descartes’ rule of signs, East J. Approx. 3 (1997), 241–250.

[15] D. K. Dimitrov, Counterexamples to a problem of Pólya and to a problem of Karlin, East J. Approx.

4 (1998) 479–489.

[16] D. K. Dimitrov, Higher order Turán inequalities, Proc. Amer. Math. Soc. 126 (1998), 2033–2037. [17] S. Karlin, Total Positivity, Vol. I, Stanford University Press, Stanford, CA, 1968. [18] B. Ja. Levin, Distribution of Zeros of Entire Functions, Transl. Math. Mono. vol. 5, Amer. Math.

Soc., Providence, RI, 1964; revised ed. 1980.

[19] C. M. Newman, Fourier transforms with only real zeros, Amer. Math. 61 (1976), 245–251. [20] N. Obreschkoff, Verteilung und Berechnung der Nullstellen reeller Polynome, VEB Deutscher Verlag der Wissenschaften, Berlin, 1963.

[21] G. Pólya, Über einen Satz von Laguerre, Jber. Deutsch. Math-Verein. 38 (1929), 161–168. [22] G. Pólya, Collected Papers, Vol. II: Location of Zeros, (R. P. Boas, ed.), MIT Press, Cambridge, MA, 1974.

[23] G. Pólya, Über die algebraisch–funktionentheoretischen Untersuchungen von J. L. W. V. Jensen, Klg. Danske Vid. Sel. Math.–Fys. Medd. 7 (1927), 3–33.

[24] G. Pólya and J. Schur, Über zwei Arten von Faktorenfolgen in der Theorie der algebraischen Gleichungen, J. Reine Angew. Math. 144 (1914), 89–113.

[25] G. Pólya and G. Szegő, Problems and Theorems in Analysis, vols. I and II, Springer-Verlag, Berlin, 1972.

[26] E. C. Titchmarsh, The Theory of the Riemann Zeta–function, 2nd. ed., (revised by D.R. Heath– Brown), Oxford University Press, Oxford, 1986.