MATHEMATICS OF COMPUTATION Volume 00, Number 0, Xxxx XXXX, Pages 000–000 S 0025-5718(XX)0000-0

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS

BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

Abstract. The purpose of this paper is to show certain links between univariate interpolation by algebraic polynomials and the presentation of polyharmonic functions. This allows us to construct cubature formulae for multivariate functions having highest order of precision with respect to the class of polyharmonic functions. We obtain a Gauss type cubature formula that uses m values of linear functionals (integrals over hyperspheres) and is exact for all 2m-harmonic functions, and consequently, for all algebraic polynomials of n variables of degree 4m − 1.

1. Introduction and statement of results

Let IR^n be the real n-dimensional Euclidean space. The points of IR^n are denoted by x = (x_1, x_2, . . . , x_n) and |x| is the Euclidean norm of x, that is, |x| := (∑_n i=1 x^2_i )_{1/2} . For any positive r, we denote by B(r), B̄(r) and S(r) the open and the closed balls and the hypersphere with center 0 and radius r in IR^n. Precisely, B(r) := {x : |x| < r} , S(r) := {x : |x| = r} , B̄(r) := B(r) ∪ S(r). In case r = 1 we shall omit the notation of the radius. The outside normal derivative on S is denoted by^∂_{∂ν} . Finally, dx is Lebesgue measure in IR^n and dσ is the (n−1)- dimensional surface measure on S(r). Recall that the area σ_n(r) of the sphere S(r) in IR^n is σ_n(r) = nr^{n−1}π^{n/2}/Γ(n/2 + 1) where Γ is the Gamma function.

The iterates Δ^m of the Laplace operator in IR^n are defined recursively by

Δ = Δ^1 = n∑ i=1 ∂^2 ∂x^2_i , Δ^m = ΔΔ^{m−1}.

1991 Mathematics Subject Classification. Primary 31B30; Secondary 65D32. Key words and phrases. Polyharmonic function, extended cubature formula, polyharmonic order of precision, Gaussian extended cubature formula.

The research was done during the visit of the first author in UNESP, São José do Rio Preto, which was supported by the Brazilian Foundation FAPESP under Grant 96/07748-3.

The research of the second author is supported by the Brazilian foundations CNPq under Grant 300645/95-3 and FAPESP under Grant 97/06280-0. The research of both authors is supported by The Bulgarian Science Foundation under Grant MM-802/98.

© 0000 (copyright holder) 1

2 BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

The function u is said to be polyharmonic of order m, or m-harmonic, in B if u belongs to the space

H^m(B) := { u ∈ C^{2m−1}(B̄) ⋂ C^{2m}(B) : Δ^mu = 0 on B } . In particular, if m = 1 or m = 2, u is said to be harmonic or biharmonic, respectively.

Being null spaces of the even-order differential operator Δ^m, the polyharmonic functions of order m inherit many of the properties of the univariate algebraic polynomials of odd degree 2m − 1. Some recent developments reveal the importance of polyharmonic functions as an appropriate tool in multivariate approximation. Classical results in approximation theory have been extended to theorems treating approximation of multivariate functions by m-harmonic functions (see [4], [1], for example, and the references in the papers therein which contain such results). The purpose of this paper is to show certain links between univariate interpolation by algebraic polynomials and the representation of polyharmonic functions. We give natural polyharmonic analogues of the Lagrange and Newton representations of algebraic polynomials. This allows us to construct cubature formulae for multivariate functions having highest degree of precision with respect to the class of polyharmonic functions. We obtain a Gauss type cubature formula that uses m values of linear functionals (integrals over hyperspheres) and is exact for all 2m-harmonic functions, and consequently, for all algebraic polynomials of n variables of degree 4m−1. In order to formulate this result precisely, let us first recall some definitions from [3] where polyharmonic extensions of other well-known quadrature rules have been obtained.

Every linear functional Q(f) approximating the integral I(f) = ∫ B f(x) dx in terms of values of Δ^if, i = 0, . . . , at certain points and/or surface integrals of them and their normal derivatives is called an extended cubature formula or extended cubature rule. An extended formula is said to have polyharmonic order of precision m (indicated briefly as P HOP (Q) = m), if I(f) = Q(f) for all f ∈ H^m(B) and there exists a function f such that Δ^mf ≢ 0 in B and I(f) ≠ Q(f).

Typical examples of extended cubature formulae are the Gaussian mean-value property

(1.1) ∫ B(r) u(x) dx = r^n [π^{n/2}/Γ(n/2 + 1)] u(0)

and the following consequence of the first Green formula

(1.2) ∫ B(r) u(x) dx = r/n ∫ S(r) u(ξ) dσ(ξ) which hold for every harmonic function u(x). They can be looked upon as striking multivariate analogues of the midpoint and of the trapezoid quadrature formulae, respectively.

Note here the following immediate consequence of the above formulae which also holds for every harmonic function u(x) and will be frequently used in the sequel.

(1.3) ∫ S(r) u(ξ) dσ(ξ) = γ_nr^{n−1}u(0), γ_n := nπ^{n/2}/Γ(n/2 + 1).

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS 3

A univaruate function μ(t), defined on the interval [a, b], is said to be an weight function on [a, b] if μ(t) is non-negative there and all the moments ∫_b a t^sμ(t)dt, s = 0, 1, . . . exist.

In this paper we prove the following.

Theorem 1. Let μ(t) be any given weight function on [0, 1]. There exists a unique sequence of distinct radii 0 < R_1 < · · · < R_m ≤ 1 and real weights A_k, k = 1, · · · , m, such that the extended cubature formula

(1.4) ∫ B u(x) μ(|x|)dx ≈ m∑ k=1 A_k ∫ S(R_k ) u(ξ) dσ(ξ) has polyharmonic order of precision 2m. Moreover, the radii R_k coincide with the positive zeros of the polynomial P_{2m}(t; μ^∗) of degree 2m, which is orthogonal on [−1, 1] with respect to the weight function μ^∗(t) = |t|^{n−1}μ(|t|) to any polynomial of degree 2m − 1.

There is no extended cubature formula of the form (1.4) with P HOP > 2m.

The coefficients {A_k} are explicitly determined as integrals of univariate polynomials and they are positive.

Formula (1.4) can be considered as a polyharmonic extension of the relation (1.2). The problem of extending the Gaussian quadrature formula to the multivariate setting has been of constant interest. The central concept was developed in an attempt to answer the following natural question: Are there ordinary cubature formulae (linear combinations of values of the integrand at certain points) of highest possible total algebraic degree of precision and what is the relation between the number of the values of the integrand involved and the highest possible algebraic degree of precision? Although upper and lower bounds are known, and a few explicit examples are constructed, there are still many open questions in this difficult domain of ordinary cubature formulae. The above stated result solves the problem of existence and uniqueness of extended cubature formulae for integrals over balls in IR^n.

Note that the Gaussian extended cubature formula (1.4) approximates the integral of f over B in terms of m pieces of information about the integrand, namely, the “average” values of f over m hyperspheres. It integrates exactly all polyharmonic functions of order 2m. The space H^{2m}(B) obviously contains the class π_N (IR^n) of all algebraic polynomials of n variables of total degree N := 4m − 1. Thus the extended cubature (1.4) is precise for any polynomial from π_N (IR^n) and particularly for the basic polynomials there. Note that, if n > 1, the number dimπ_N (IR^n) of these polynomials is essentially greater than the number m of pieces of information (the spherical integrals) the cubature unvolves. The classical Gaussian quadrature formula integrates exactly the polynomials in the space π_{2m−1}(IR), whose dimention is only two times bigger than the number m of the function values the quadrature uses. It is shown in the proof of Theorem 1 that (1.4) is the cubature of highest algebraic degree of precision of the type considered. Cubature formulae which are precise for algebraic polynomials have been intensively studied (see for example [8], where the results of Kantorovich and Lusternik concerning algebraic degree of precision of formulae of type (1.4) are given). We show here that some of these known polynomial type formulae integrate exactly the wider class of polyharmonic functions.

4 BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

The problem of extending Hermite interpolation formulae and multiple node Gaussian quadratures is also considered in Section 5.

2. Representations of polyharmonic functions

In this section we discuss various representations of an m-harmonic function which are induced by univariate polynomial bases. In particular, we get representations that are similar to the Lagrange and Newton-Gregory interpolating polynomials.

Our results are based on the following fundamental result in the theory of polyharmonic functions, known as Almansi’s expansion (see [2]).

Lemma 1. If u ∈ H^m(B), then there exist unique functions h_0(x), h_1(x), . . . , h_{m−1}(x), each harmonic in B, such that

(2.1) u(x) = m−1∑ j=0 |x|^{2j} h_j (x) for x ∈ B. It is also known that any expression of the form (2.1), with harmonic functions h_j on B, is a m-harmonic function on B. Thus (2.1) exactly describes the structure of the m-harmonic functions. Based on Almansi’s expansion and since harmonic functions in B form a linear space, the following lemma concerning the representation of m-harmonic functions easily holds.

Denote by π_m the set of algebraic polynomials of one variable, of degree less than or equal to m.

Lemma 2. Let ϕ_0(t), · · · , ϕ_{m−1}(t) be any basis in the space π_{m−1} of univariate algebraic polynomials of degree not exceeding m − 1. If u ∈ H^m(B), then there exist unique functions b_0(x), b_1(x), · · · , b_{m−1}(x), each harmonic in B, such that

(2.2) u(x) = m−1∑ j=0 ϕ_j (|x|^2)b_j (x) for x ∈ B.

As an immediate consequence of Lemma 2 and the of fact that the polynomials 1, t − R^2, (t − R^2)^2, · · · , (t − R^2)^{m−1} constitute a basis in π_{m−1} we obtain

Corollary 1. If u ∈ H^m(B), then there exist unique functions b_0(x), b_1(x), · · · , b_{m−1}(x), each harmonic in B, such that

(2.3) u(x) = m−1∑ j=0 (|x|^2 − R^2)^j b_j (x) for x ∈ B.

The latter representation is related to a recent result of Hayman and Korenblum [6, Theorem 1].

Let us mention another representation which could be of some interest. Let f be a given univariate function, defined at the distinct points t_i, i = 1, . . . , m. In what follows the set of points t_1, . . . , t_m will be denoted by T . The unique algebraic polynomial of degree m − 1 which interpolates f at t_1, . . . , t_m can be represented in the form

L_{m−1}(f; t) = m∑ k=1 l_k(t; T )f(t_k),

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS 5

where the basic polynomials l_k(t; T ), k = 1, . . . , m, are given by

l_k(t; T ) = ω(t)/((t − t_k)ω^′(t_k))

in terms of the polynomial ω(t) := (t − t_1) · · · (t − t_m).

Corollary 2. Let 0 < t_1 < t_2 < · · · < t_m ≤ 1 be any set of distinct points. Then for any u ∈ H^m(B) there exist unique harmonic functions b_1(x), b_2(x), · · · , b_m(x), each harmonic in B, such that u(x) = m∑ k=1 l_k(|x|^2; T )b_k(x) for x ∈ B.

Moreover, b_k(x) is the unique harmonic function on B which coincides with u on S( √ t_k).

This is the Lagrangean type representation of polyharmonic functions in terms of traces over (n − 1)-dimensional spheres.

Note here that the same statement holds in the slightly more general case allowing t_1 = 0. Then b_1(0) = u(0) but this condition does not characterise b_1 completely. We shall mention however that the condition b_1(0) = u(0) defines the integral ∫ S(t) b(ξ) dσ(ξ) uniquely (because of (1.3)) and this is what is important

in the study of integration problems.

Similarly, starting from the Newton-Gregory interpolation formula

L_{m−1}(f; t) = m−1∑ k=0 f[t_0, . . . , t_k](t − t_0) · · · (t − t_{k−1}) with 0 < t_0 < · · · < t_{m−1} ≤ 1 , one can get the Newton type representation of polyharmonic functions u(x) = m−1∑ k=0 (|x|^2 − t_0) · · · (|x|^2 − t_{k−1}) b_k(x).

3. Gaussian cubature formulae

In this section we give a simple relation between the univariate quadrature formula for algebraic polynomials and extended cubature formulae for polyharmonic functions.

We shall use the mean value 1 γ_nt^{n−1} ∫ S(t) f(ξ) dσ(ξ) as a main piece of information for approximate evaluation of the integral of f over B. Let us accept here the convention to use the same notation in the case t = 0 as well. Then clearly the mean value is just f(0).

Lemma 3. Assume that μ(t) is a fixed weight function on [0, 1]. Let 0 ≤ t_1 < · · · < t_N ≤ 1. The extended cubature formula

(3.1) ∫ B μ(|x|)f(x)dx ≈ N∑ k=1 a_k 1 γ_nt^{n−1}_k ∫ S(t_k ) f(ξ) dσ(ξ)

6 BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

is exact for every polyharmonic function f ∈ H^m(B) if and only if the quadrature formula (3.2) γ_n

∫_1 0 μ(t)t^{n−1}P (t^2) dt ≈ N∑ k=1 a_kP (t^2_k) is exact for every algebraic polynomial P ∈ π_{m−1}.

Proof. Let f be any polyharmonic function of order m. Then, by Almansi’s representation, there exist harmonic functions {h_k} in B such that f(x) = m−1∑ k=0 |x|^{2k} h_k(x). Set P_f (τ) := m−1∑ k=0 h_k(0) τ^k.

We have ∫ B μ(|x|)f(x) dx = m−1∑ k=0 ∫ B μ(|x|)h_k(x)|x|^{2k} dx

= m−1∑ k=0 ∫_1 0 ∫ S(t) μ(|ξ|)h_k(ξ)|ξ|^{2k} dσ(ξ) dt

= m−1∑ k=0 ∫_1 0 μ(t)t^{2k} ∫ S(t) h_k(ξ) dσ(ξ) dt Let us apply now the relation (1.3) to the spherical integral. We get ∫ B μ(|x|)f(x) dx = γ_n m−1∑ k=0 ∫_1 0 μ(t)t^{2k}t^{n−1}h_k(0) dt and therefore (3.3) ∫ B μ(|x|)f(x) dx = γ_n ∫_1 0 μ(t)t^{n−1}P_f (t^2) dt. On the other hand, by (1.3), N∑ k=1 a_k 1 γ_nt^{n−1}_k ∫ S(t_k ) f(ξ) dσ(ξ) = N∑ k=1 a_k 1 γ_nt^{n−1}_k ∫ S(t_k ) m−1∑ j=0 |ξ|^{2j} h_j (ξ) dσ(ξ)

= N∑ k=1 a_k m−1∑ j=0 t^{2j}_k h_j (0)

= N∑ k=1 a_kP_f (t^2_k).

The assertion of the lemma then follows by comparison of the both sides of (3.3) and the last equality.

The next theorem is an immediate consequence of Lemma 3.

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS 7

Theorem 2. Let μ(t) be a given weight function on [0, 1]. If the coefficients a_k, k = 1, . . . , m, of the extended cubature formula

(3.4) ∫ B μ(|x|)f(x) dx ≈ m∑ k=1 a_k 1 γ_nt^{n−1}_k ∫ S(R_k ) f(ξ) dσ(ξ) are given by

(3.5) a_k = γ_n R^{n−1}_k ∫_1 0 l_k(t^2; R^2_1, · · · , R^2_m)μ(t)t^{n−1}dt,

with some 0 ≤ R_1 < · · · < R_m ≤ 1, then it is precise for every f ∈ H^m(B). Conversely, if an extended cubature rule of the form (3.4) is precise for each f ∈ H^m(B), then its coefficients are uniquely determined by (3.5).

For the proof, one needs to observe only that the coefficient a_k can be found just by applying the corresponding univariate quadrature formula (given as in (3.2)) to the function l_k(t^2; R^2_1, · · · , R^2_m).

Now we can give the proof of Theorem 1.

Proof of Theorem 1. In view of Lemma 3, the only thing we need to do is to characterise all quadrature formulae of form (3.2) that are exact for all even algebraic polynomials of degree 4m − 2 (i.e., for all P ∈ π_{2m−1}). Assume that (3.2) is such a formula. Then the quadrature ∫_1 −1 μ(|t|)|t|^{n−1}Q(t) dt ≈ N∑ k=1 a_k|t_k|^{n−1} [ Q(t_k) + Q(−t_k) ]

will be exact for all Q ∈ π_{4m−1} since it integrates all even polynomials of degree 4m − 1 by assumption and all odd ones, by construction. Note that it is based on 2N nodes. For N = m it must coincide with the Gaussian quadrature formula on [−1, 1] corresponding to the weight μ(|t|)|t|^{n−1}. Since the weight is symmetric, then the nodes are symmetric too and moreover, they are located at the zeros of the polynomial of degree 2m which is orthogonal on [−1, 1] to all polynomials of degree 2m − 1 with respect to the weight μ^∗.

The positivity of the coefficients follows from the corresponding property in the univariate case. The proof is completed.

Corollary 3. Let P_{2m}(|x|, μ^∗) = m∏ k=1 (|x|^2 − R^2_k)

be defined as in Theorem 1, i.e., let R_k, k = 1, . . . , m, be the radii of the Gaussian extended cubature formula (1.4). Then P_{2m}(|x|, μ^∗) is orthogonal on B with respect to the weight function μ(|x|) to every harmonic function of order m.

Proof. We need to show that ∫ B P_{2m}(|x|, μ^∗)u_m(x)μ(|x|)dx = 0 for every u_m ∈ H^m(B). Expressing u_m(x) in terms of its Almansi’s expansion, one concludes that the product P_{2m}(|x|, μ^∗)u_m(x) is in H^{2m}(B). Then an application of (1.4) to this product and the fact that the radial polynomial P_{2m}(|x|, μ^∗) vanishes on the hyperspheres S(R_k) yield the desired orthogonal property.

8 BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

It is clear how Radau and Lobatto type extended cubature formulae ∫ B μ(|x|)f(x) dx ≈ m∑ k=1 C_k ∫ S(R_k ) f(ξ) dσ(ξ) + B_0f(0), ∫ B f(x)μ(|x|) dx ≈ m∑ k=1 C_k ∫ S(R_k )

f(ξ) dσ(ξ) + B_0f(0) + B_1 ∫ S f(ξ) dσ(ξ) of highest polyharmonic order of precision can be constructed. The free “nodes” R_1, . . . , R_m are determined as the positive zeros of the polynomial P_{2m} of degree 2m which is orthogonal on [−1, 1] with respect to the weight functions t^2μ(|t|)|t|^{n−1}, and t^2(1−t^2)μ(|t|)|t|^{n−1}, respectively, to all polynomials of degree 2m−1. We omit the details.

4. An extremal problem

Similarly to the univariate case the problem of least integral of positive expressions of the form f(x) = |x|^{4m} + u(x) where u is 2m -harmonic can be solved using the extended Gaussian theorem.

Theorem 3. Among all non-negative functions of the form f(x) = |x|^{4m} + u(x), u ∈ H^{2m}(B), the function

Ω^∗(x) := m∏ k=1 (|x|^2 − R^2_k)^2,

where {R_k} are the Gaussian radii, has the minimal integral over B.

The proof goes as in the univariate case and uses the positivity of the Gaussian coefficients. Since f(x)−Ω^∗(x) belongs to H^{2m}(B) the extended Gaussian cubature integrates this function exactly and thus we have ∫ B (f(x) − Ω^∗(x))dx = m∑ k=1 A_k ∫ S(R_k ) [f(x) − Ω^∗(x)] dσ = m∑ k=1 A_k ∫ S(R_k ) f(x)dσ ≥ 0 which shows the extremality of Ω^∗.

5. Multiple node case

The approach illustrated in the previous sections can be applied to the construction of extended cubature formulae that are based on integrals of f and its consecutive normal derivatives (or other differential operators of f) over fixed hyperspheres S(R_1), . . . , S(R_k). To do so we need to follow, by analogy, the so called multiple node quadrature formulae in the univariate case. These are formulae of the form

(5.1)

∫_1 −1 μ(t)f(t) dt ≈ m∑ i=1 ν_i−1∑

λ=0 a_{iλ}f^{(λ)}(t_i).

Given any set of distinct nodes t_1 < · · · < t_m in [−1, 1] and the corresponding multiplicities ν_1, . . . , ν_m (M := ν_1 + · · · + ν_m − 1) there is a unique quadrature

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS 9

formula of the form (5.1) that integrates exactly all algebraic polynomials of degree M. It can be obtained by integration of the Hermite interpolating polynomial

H_M (f; t) = m∑ i=1 ν_i−1∑

λ=0 f^{(λ)}(t_i)Φ_{iλ}(t)

where the basic polynomials {Φ_{iλ}} are determined by the the conditions Φ_{iλ} ∈ π_{M−1}, Φ^{(l)}_{iλ} (t_j ) = δ_{ij} δ_{lλ}, i, j = 1, . . . , m, l, λ = 0, . . . , ν_i − 1. The Gaussian approach to multiple node quadrature formulae has encountered serious difficulties that arise from the non-linearity of the corresponding extremal problems associated with the characterisation of the extremal nodes. It was easy to observe that for given ν_1, . . . , ν_m the highest algebraic degree of precision that can be achieved by a quadrature formula of the form (5.1) is ν̂_1 + · · · ν̂_m − 1, where ν̂_i denotes the smallest even number which is greater than or equal to ν_i. For example, if ν_i is odd then ν̂_i = ν_i + 1. The complete characterisation of the quadrature formulae of type (5.1) that have a highest algebraic degree of precision has been done by the efforts of several outstanding mathematicians. Firstly Turán [10] proved the existence and uniqueness, and gave the characterisation of the optimal nodes of (5.1) in the particular case when all multiplicities are equal, i.e., in the case ν_1 = · · · = ν_m = ν. Then the Bulgarian mathematician L. Tschakaloff [9] proved the existence of optimal nodes for any fixed system of multiplicities {ν_i}. The uniqueness stayed as an open problem for more than 20 years. In 1975 Ghizzetti and Ossicini [5] published an elegant and ingenious proof of the uniqueness of the optimal nodes. Independently the uniqueness was shown in a more general situation by Karlin and Pinkus [7].

We are going to show here that the quadratures (5.1) have natural analogues in the polyharmonic setting. In order to do this we first need to present the following polyharmonic extension of the Hermite representation of algebraic polynomials.

Corollary 4. Let 0 < t_1 < · · · < t_m ≤ 1 be fixed numbers and ν_1, . . . ν_m be any given multiplicities associated with them, such that M = ν_1 + · · · + ν_m − 1. Set R^2_i := t_i, i = 1, . . . , m. Then every M-harmonic function u can be presented in the form

(5.2) u(x) = m∑ i=1 ν_i−1∑

j=0 Φ_{ij} (|x|^2)h_{ij} (x)

where h_{ij} are harmonic functions on B and Φ_{ij} are associated with t_1, . . . , t_m.

Moreover, h_{ij} is a harmonic function on B which is uniquely determined by the values of^{∂j}_{∂νj} u(x), on S_i := S(R^2_i ), for j = 0, . . . , ν_i − 1 (i = 1, . . . , m).

Proof. The existence of the harmonic coefficients follows immediately from Lemma 2 taking into account that the polynomials {Φ_{ij} } constitute a basis in π_{M−1}. To determine the functions h_{qj} , notice that for λ ∈ {0, . . . , ν_k − 1} ∂^λ ∂ν^λ u(x) | | | | |_{Sk} = m∑ i=1 ν_i −1∑

j=0 { ∂^λ ∂ν^λ ( Φ_{ij} (|x|^2)h_{ij} (x) )} | | | | |_{Sk}

10 BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

= m∑ i=1 ν_i −1∑

j=0 λ∑ s=0 ( λ s ) [ Φ_{ij} (t^2) ]_{(s)} | |_{t=Rk} { ∂^{(λ−s)} ∂ν^{(λ−s)} h_{ij} (x) } | | | |_{Sk} = ν_k −1∑

j=0 λ∑ s=0 ( λ s ) [ Φ_{kj} (t^2) ]_{(s)} | |_{t=Rk} { ∂^{(λ−s)} ∂ν^{(λ−s)} h_{kj} (x) } | | |_{Sk} . The last equality is justified by the observation that

[Φ_{ij} (t^2)]^{(s)} | | |_{t=Rk} = 0 for i ≠ k, s = 0, 1, . . . , νk − 1, as seen from the definition of Φ_{ij} . Besides,

[Φ_{kj} (t^2)]^{(s)} | | |_{t=Rk} = 0 for s < j and [Φ_{kj} (t^2)]^{(j)} | | t=R_k = (2R_k)^j + Φ_{kj} (R^2_k)^{(j)} + {· · · } | | t=R_k , where the expression in {· · · } is a linear combination of derivatives of Φ_{ij} of order smaller than j. Then it vanishes at t = R_k. Recalling that Φ_{kj} (R^2_k)^{(j)} = 1 by definition we finally get (5.3) ∂^λ ∂ν^λ u(x) | | | | S_k = λ−1∑ j=0 λ∑ s=0 ( λ s ) [ Φ_{kj} (t^2) ]_{(s)} | |_{t=Rk} ∂^{(λ−s)} ∂ν^{(λ−s)} h_{kj} (x) | | | | S_k + (2R_k)^λh_{kλ}(x) | | |_{Sk} . Thus, if h_{k0}, . . . , h_{k,λ−1} are found, we can determine h_{kλ} uniquely from this relation. The proof is complete.

Now we are going to integrate (5.2) over the ball in order to get a cubature formula. The following observation will be very useful.

Lemma 4. If h is a harmonic function on B, then ∫ S ∂^kh(ξ) ∂ν^k dσ(ξ) = 0 for every k = 1, 2, . . .

Proof. The claim is well-known for k = 1. It follows directly from the Green formula ∫ B Δh dx = ∫ S ∂ ∂ν h(ξ) dσ(ξ). Then one can prove the lemma by induction. To do this, note first the fact that if h is harmonic in B, then the function n∑ 1 x_i ∂h(x) ∂x_i is harmonic too (see Proposition 1.1 in [2]). Since ∂h(x) ∂ν = n∑ 1 x_i |x| ∂h(x) ∂x_i at any point x ∈ S, we conclude that the function g_1(x) := |x|^{∂h}_{∂ν} , and consequently the k-th iterate g_k(x) := |x| ∂g_{k−1} ∂ν , k = 1, 2, . . . (g_0 := h)

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS 11

is harmonic. Next we show that g_k can be presented in the form (5.4) g_k(x) = |x|^k ∂^kh ∂ν^k + k−1∑ j=1 φ_{kj} (|x|) ∂^j h ∂ν^j with certain functions φ_{kj} (t). Indeed, assume that the representation holds for g_k. Then, taking into account that^{∂|x|}_{∂ν} = 1, we get g_{k+1} = |x| ∂g_k ∂ν = |x| { |x|^k ∂^{k+1}h ∂ν^{k+1} + k|x|^{k−1} ∂^kh ∂ν^k + k−1∑ j=1 [φ^′_j (x) ∂^j h ∂ν^j + φ_j (|x|) ∂^{j+1} ∂ν^{j+1} ] }

= |x|^{k+1} ∂^{k+1}h ∂ν^{k+1} + k∑ j=1 φ_{k+1,j} (|x|) ∂^j h ∂ν^j where the functions φ_{k+1,j} can be given explicitly in terms of φ_{kj} . Having (5.4) proven we use it to perform the induction step. Assume that ∫ S ∂^j h ∂ν^j dσ = 0 for j = 1, . . . , k − 1, and for every harmonic function h. Since g_{k−1} is harmonic, then 0 = ∫ S ∂g_{k−1} ∂ν dσ = ∫ S |x| ∂g_{k−1} ∂ν dσ = ∫ S g_k(x) dσ = ∫ S |x|^k ∂^kh ∂ν^k dσ + k−1∑ j=1 φ_{kj} (|x|) ∫ S ∂^j h ∂ν^j dσ = ∫ S ∂^kh ∂ν^k dσ. The induction is completed and so is the proof of the lemma.

Now integrating over B both sides of the Hermite representation (5.2) and making use of the radiality of some of the terms we get as in the Lagrangean case the following extended cubature formula for polyharmonic functions.

Theorem 4. Let 0 < t_1 < · · · < t_m ≤ 1 be fixed numbers and ν_1, . . . ν_m be any given multiplicities associated with them, such that M = ν_1 + · · · + ν_m. Then there exists a unique cubature formula of the form

(5.5) ∫ B f(x)μ(|x|) dx ≈ m∑ k=1 ν_k −1∑

λ=0 A_{kλ} ∫ S_k ∂^λ ∂ν^λ u(ξ) dσ(ξ) which integrates exactly all M-harmonic functions. Moreover, A_{k,νk −1} = 1 2^{νk −1} R^{2(n−1)+νk −1} k ∫_1 0 μ(t) Φ_{k,νk −1}(t^2)t^{n−1} dt. Proof. Integrating (5.2) we get

(5.6) ∫ B μ(|x|) u(x) dx = m∑ k=1 ν_k −1∑

λ=0 ∫_1 0 μ(t) Φ_{kλ}(t^2) ∫ S(t) h_{kλ}(ξ) dσ(ξ) dt.

12 BORISLAV D. BOJANOV AND DIMITAR K. DIMITROV

Note that ∫ S(t) h_{kλ}(ξ) dσ(ξ) = γ_nt^{n−1}h_{kλ}(0) = ( t R^2_k )_{n−1} ∫ S_k h_{kλ}(ξ) dσ(ξ). Now integrating (5.3) and using Lemma 4 we find ∫ S_k ∂^λ ∂ν^λ u(ξ) dσ(ξ) = ∫ S_k ∑_{λ−1} j=0 [Φ_{kj} ]^{(λ)} | | |_{t=Rk} ∫ S_k hkj (ξ) dσ(ξ) +(2R_k)^λ ∫ S_k hkλ(ξ) dσ(ξ). This is a linear system of equations in unknowns

X_λ := ∫ S_k h_{kλ}(ξ) dσ(ξ), λ = 0, . . . , ν_k − 1. The determinant is triangular with non-zero entries in the diagonal, thus non-zero. Then the quantities X_λ are uniquely determined as linear combinations of

Y_j := ∫ S_k ∂^j ∂ν^j u(ξ) dσ(ξ), j = 0, . . . , λ. More precisely,

X_λ = 1 (2R_k)^λ

Y_λ + λ−1∑ j=0 α_{kj} Y_j with certain coefficients {α_{kj} }. Then (5.6) becomes ∫ B μ(|x|)u(x) dx = m∑ k=1 ν_k −1∑

λ=0 ∫_1 0 μ(t) Φ_{kλ}(t^2) ( t R^2_k )_{n−1} dt{ 1 (2R_k)^λ

Y_λ + λ−1∑ j=0 α_{kj} Y_j } which is a formula of the desired form (5.5). It is clear that the coefficient A_{k,νk −1} can be found by the formula given in the theorem. The existence part of the theorem is proved.

In order to show the uniqueness, put u(x) := Φ_{kj} (|x|^2) in (5.5). Then we get ∫ B μ(|x|) Φ_{kj} (|x|^2) dx = ν_k −1∑

λ=0 A_{kλ}γ_nR^{n−1}_k { Φ_{kj} (t^2) }_{(λ)} | | | | |_{t=Rk} , j = 0, . . . , ν_k − 1, which is a linear system for {A_{k,νk −1}} with a non-zero determinant. Thus the coefficients of the cubature are determined uniquely.

Let us turn now to the optimal choice of the nodes. Assume that ν_1, . . . ν_m are arbitrary positive integers. Set M := ν_1 + · · · + ν_m and consider cubatures of the form (5.5)

Using the example

f(x) = (|x|^2 − t_1)^{ν1 +1} · · · (|x|^2 − t_m)^{νm+1}

one can deduce that the maximal P HOP (5.5) ≤ M + m. The next theorem characterises the optimal cubature of this type. Set

Ω(t^2) := (t^2 − t_1)^{ν1 −1} · · · (t^2 − t_m)^{νm −1}.

GAUSSIAN EXTENDED CUBATURE FORMULAE FOR POLYHARMONIC FUNCTIONS 13

Theorem 5. For any given set of odd multiplicities ν_1, . . . , ν_m with M = ν_1 + · · · + ν_m there exists a unique extended cubature formula of the form (5.5) that is exact for all (M + m)-harmonic functions. The nodes R_1, . . . R_m of this cubature are located at the zeros of the polynomial Ω(t) satisfying the orthogonality relations: ∫_1 −1 Ω(t^2)Q(t^2)t^{n−1}μ(t^2) dt = 0 for every Q ∈ π_{m−1}.

Proof. Consider the interpolatory type cubature with multiplicities {ν_k + 1}. It would produce a rule of a maximal polyharmonic order of precision if A_{k,νk} = 0. But, as seen from Theorem 4, A_{k,νk} = C ∫_1 0 m∏ s=1 (t − t_s)^{νs} Q_k(t)μ(t) dt where Q_k is a polynomial of degree m − 1 and C is some constant. Thus the existence and uniqueness of the extremal points t_k follows from the corresponding univariate results.

Acknowledgements We thank the referees for the suggestions that hepled us to improve the presentation.

References

[1] D. Armitage, St. Gardiner and W. Haussmann, Characterization of best harmonic and subharmonic L_1-approximations, J. reine angew. Math. 478 (1996), 1-15.

[2] N. Aronszajn, T.M.Greese and L.J.Lipkin, Polyharmonic functions, Clarendon Press, Oxford, 1983.

[3] D. K. Dimitrov, Integration of polyharmonic functions, Math. Comp. 65(1996), 1269–1281. [4] B. Fuglade and W. Haussmann (eds), Approximation by Solutions of Partial Differential Equations, Kluwer Academic Publishers, 1992.

[5] A. Ghizzetti and A. Ossicini, Sull’esistenza e unicitat delle formule di quadrature Gaussiane, Rend. Mat. 8(1975), 1–15.

[6] W. K. Hayman and B. Korenblum, Representation and uniqueness theorems for polyharmonic functions, J. d’Analyse Math. 60(1993), 113–133.

[7] S. Karlin and A. Pinkus, An extremal problem of multiple Gaussian nodes, in ”Studies in Spline Functions and Approximation Theory,” 143–162, Academic Press, New York, 1976.

[8] I. P. Mysovskih, Interpolatory Cubature Formulae, Nauka, Moscow, 1981 (in Russian). [9] L. Tchakaloff, General quadrature formulae of Gaussian type, Bulgar. Akad. Nauk. Izv. Mat.

Inst. 2(1954), 67–84.

[10] P. Turán, On the theory of mechanical quadrature, Acta Sci. Math. (Szeged) 12(1950), 30–37.

Department of Mathematics, University of Sofia, James Boucher 5, 1126 Sofia, Bulgaria

E-mail address: bor@bgearn.acad.bg

Departamento de Ciências de Computação e Estatística, IBILCE, Universidade Estadual Paulista, 15054-000 São José do Rio Preto, SP, Brazil

E-mail address: dimitrov@nimitz.dcce.ibilce.unesp.br