MONOTONICITY OF ZEROS OF ORTHOGONAL LAURENT
POLYNOMIALS

DIMITAR K. DIMITROV AND A. SRI RANGA

ABSTRACT. Monotonicity of zeros of orthogonal Laurent polynomials associ-
ated with a strong distribution with respect to a parameter is discussed. A
natural analog of a classical result of A. Markov is proved. Recent results
of Ismail and Muldoon based on the Hellman-Feynman theorem are also ex-
tended to a monotonicity criterion for zeros of Laurent polynomials. Results
concerning the behaviour of extreme zeros of orthogonal Laurent polynomials
are proved. The monotonicity of the zeros of Laguerre-Laurent and Jacobi-
Laurent polynomials are investigated.

1. INTRODUCTION AND STATEMENT OF RESULTS

The distribution di(x) is said to be a strong distribution in (a,b) C (0,00) if
¥(x) is a real bounded nondecreasing function on (a,b) with infinitely many points
of increase there, and furthermore, all the moments

b
,ukz/ ohdip(x), k=0,41,+2,...

exist.

For any given strong distribution in (a,b) there exists a unique sequence, up to
a nonzero constant factor normalization, of polynomials { B, }{° such that B, is a
polynomial of precise degree n and B,, satisfies the relations

b
(1.1) / e "B, (x)d(z) =0, k=0,...,n—1.

The first systematic study of these polynomials, which may be called orthog-
onal Laurent polynomials or simply orthogonal L-polynomials was done by Jones,
Thron and Waadeland [10] in connection with the so-called strong Stieltjes moment
problem.

Many interesting properties of orthogonal Laurent polynomials are proven in [10].
For example, if B,, are normalized to be monic, i.e. to have leading coefficients one,
they satisfy the recurrence relation B_; =0, By =1,

B,11(z) = (z — Bn)Bn(z) — dpzBp_1(x), n >0,

where 3, and §,, n =0,... are positive.
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We are particularly interested in the behaviour of the zeros of B,,. Their location
is similar to the one of orthogonal polynomials. All the zeros of B,, are real, distinct
and lie in (a,b). Moreover, the zeros of B,, and B,,_; interlace.

Let, for any 7 € (p,q), du(x;7) be a strong distribution in = € (a,b). Thus we
obtain a parametric sequence By, (x; 7) of orthogonal Laurent polynomials where, for
any T € (p, q), the polynomials B, (z;7) are L-orthogonal with respect to di(x;7):

b
(1.2) / "B, (z;7)dp(z;7) =0, k=0,...,n—1.

The B, (z;T) satisfy a recurrence relation of the form
(1.3) xBp(z;7) = an(7)Bpt1(z;7) 4 Bn(T)Bn(x; 7) + Yo (7)xBp_1(z;7), n >0,

with B_1(z;7) =0, Bo(z;7) = 1, where ay,(7), 8, (7) and 7, (7) are positive for
any 7 € (p,q). Here the L-orthogonal polynomials are normalized in such a way
that the leading coefficient of B,,(z;7) is (ao(7) -+ an_1(7)) 7L

We study the monotonicity of zeros of the parametric L-orthogonal polynomials
with respect to the parameter 7. Sufficient conditions so that the zeros of By, (z;7)
increase (decrease) when 7 increases are given in terms of the behaviour of the
strong distibution and also of the coefficients in the recurrence relation.

The problem of monotonicity of zeros of a parametric sequence of orthogonal
polynomials has been of interest since Stieltjes’ [15] and A.Markov’s [11] funda-
mental contributions. Chapter 6 of Szegd’s book [16] gives a general view of the
older results. For the newer concepts on the subject we refer to the survey papers
of Ismail [6] and Muldoon [12].

In what follows the zeros of B, (x;7) are denoted by (x(7) and are supposed to
be arranged in decreasing order, (1 (7) > ... > (. (7).

First we give a natural analog of A. Markov’s theorem [11] (see also [16, Theorem
6.12.1] and [6]).

Theorem 1. Let B,(x;7), n =0,1,... obey the orthogonal property (1.2) with
respect to the strong distribution dy(x;T),

dyp(z;7) = w(a; 7)dy(2),
where w(x; T) is positive and has continuous first derivative, with respect to T, for
x € (a,b) and T € (p,q). Assume that the integrals

b
(1.4) / 2! (Qw(w;7)/0T) dp(x), j=-n,—n+1,...,0,...,n—1

converge uniformly on every compact subinterval of (p,q). If
Olnw(xz;T)
or
is an increasing (decreasing) function of x, x € (a,b), then for any k, 1 < k <
n, Ck(T) is an increasing (decreasing) function of T.
The next theorem is an analog of Theorem 2.3 of Ismail and Muldoon [8].

Theorem 2. Let Bi(xz;7), k=0,1,...,N satisfy (1.8), where oy (1), Br(T) and
(1), k=0,...,N —1 are positive and differentiable functions of T, T € (p,q).
(i) If the matriz

N

0 0
(5i,j—15vai—1(T)%’(T)d1+5i,j§@'—1( +5,J+1 \/ozz 2(T)vi-1( )d> ,

,j=1
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a_1(1) = yn(7) = 0, is positive (negative) definite, then all the zeros of By(x;7),
..., By(x;7), which are smaller than the positive real number dy, are strictly in-
creasing (decreasing) functions of 7, T € (p,q).

(i) If the matrix

N
9 i1 (7)%i(7) 9 ; 9 [aia(7)¥i-1(7)
8ij—1 7= dij 7= Bi- Oij+1 7o .
I o7 do 00 87'6 1(7) + 051 or do
ij=1
where 4;(1) = % (1) /(Bi(T)Bi—1(7)), Bi—1(7) = 1/Bi_1(7), i = 1,... N, is positive
(negative) definite, then those zeros of Bi(x;7),...,Bn(x;7T), which are greater

than the positive real number ds, are strictly decreasing (increasing) functions of
T, TE(PQ).

Theorem 2.3 in [8] provides a powerful tool for testing the monotonic behaviour
of zeros of orthogonal polynomials. Since it is not easy to check if a matrix of a
general type is positive definite, Ismail and Muldoon used some criteria for positive
definiteness of a tridiagonal matrix in order to reformulate their Theorem 2.3 into
Theorem 3.3 which gives sufficient conditions for monotonicity of zeros of orthogonal
polynomials in terms of chain sequences. We shall do the same with our Theorem
2.

Recall that the sequence {c,}Y is a chain sequence if there exists a sequence
{gn}¥ such that

en=0gn(1l—gn-1), 1<n<N, 0<gy<1 and 0<g,<1, 1<n<N.

Corollary 1. Let By(xz;7), k=0,1,...,N satisfy (1.3), where ap(7), Bx(T) and
(1), k=0,...,N—1, are positive and differentiable functions of T for € (p, q).
If 06;(r) /0T, i=0,...,N —1, are all positive (negative) and

dy (887_ Ozi_l(’l')"yi(T)>2/ <8%7(_T)aﬂg7l_(ﬂ) i=1,... ,N—1,

is a chain sequence for any T € (p,q), then all the zeros of By(x;7),... ,Bn(z;7
which are less than dy, are strictly increasing (decreasing) functions of 7, T € (p, ¢

In particular, these zeros increase (decrease) when T increases if 00;(T)/0T, i =
0,...,N —1, are positive (negative) and

4dy cos?(x /(N + 1)) (%x/ai_l(r)%(TO < aﬂé’f) 6@5—;(7) T

Corollary 2. Let Bi(z;7), k=0,1,...,N satisfy (1.3), where ay(7), Bx(T) and
(1), k=0,...,N—1, are positive and differentiable functions of T for v € (p,q).
If 0p;(r) /0T, i=0,...,N —1, are all positive (negative) and

(s vam@m) /(a BOBLD) e

is a chain sequence for any T € (p,q), then those zeros of Bi(x;7),... ,Bn(z;7),
which are greater than da, are strictly decreasing (increasing) functions of T, T €

(p,q).

);
).
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In particular, these zeros decrease (increase) when T increases if 93;(t)/0r, i =
0,...,N —1, are positive (negative) and

teos? /(8 + 1) (o) ) < d 20 2

=1,... ,N —1.
or ‘ e

As it happens, not all the zeros of orthogonal polynomials increase (decrease)
simultaneously when the parameter increases. A typical example is the behaviour
of zeros of the ultraspherical polynomials, orthogonal on (—1,1) with respect to
w(z;\) = (1 —22)* /2, X > —1/2. The positive zeros decrease when \ increases,
while, because of the symmetry, the negative zeros increase with A. Then the ques-
tion of the extreme zeros arises. Results concerning this question about orthogonal
polynomials are given by Ismail [5, 6]. A similar phenomenon appears with the
zeros of orthogonal Laurent polynomials. The next theorem is analogous to that
proven in [5, 6].

Theorem 3. Let Bi(x;7), k=0,1,... ,N —1, satisfy (1.3), where ay(7), Br(T)
and v (1), k=0,...,N =1, are all positive for T € (p,q).

(i) If a1 (7) (1), k1 (T)y(7) + Br—1(7), k=1,...,N =1 and Bn_1(7) are
increasing (decreasing) functions of T then the largest zero of By (x;7) is also an
increasing (decreasing) function of T.

(i) If cp—1(T)3(7),  ax—1(T)(7) + Be-1(7), k=1,... , N —1 and By-1(7)
are increasing (decreasing) functions of T then the smallest zero of By(x;7) is a
decreasing (increasing) function of T.

(ii1) If age—1(T)v(7), Br(r) k=0,...,N —1, are increasing (decreasing) func-
tions of T then the largest zero of By (x;7) is an increasing (decreasing) function
of T.

() If B(t) k = 0,...,N — 1, increase (decrease) and op_1(7)vp(7), k =
0,...,N —1 decrease (increase) when T increases then the smallest zero By (x;T)
increases (decreases).

The proofs are given in the next section. Section 3 contains some illustrative
examples.

2. PROOFS

Proof of Theorem 1. Jones and Thron [9] proved that for any strong distri-
bution ¢ there exists a unique quadrature formula of the form f: flz)dy(x) ~
Yo Aif(z;) which is exact for every f for which 2" f(x) € mo,—1 (7 denotes
the set of polynomials of degree < k). Moreover, the nodes x;, i =1,...,n of
this quadrature rule coincide with the zeros of B,, and its weights A; are positive.
Hence

b n
(2.1) [ f@stanidne) = Y A1)
whenever

(2.2) " f(x) € map_1.

Let f be a fixed function which satisfies (2.2). Differentiate (2.1) with respect to 7
and change the order of differentiation and integration. This is admissible because
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of the uniform convergence of the integrals (1.4). Thus
3w (z;
23 [ 10Xy Z [AUFG) + A (GG

Choose f(x) = 2 "B2(x;7)/(x—(k(7)). Since f satisfies (2.2) then (2.3) holds true

for this. Furthermore, f(¢i(7)) = 0 and f/((i(7)) = (G (7)) ™™ (By, (Cr(7); 7))?dix for
i=1,...,n. Hence (2.3) reduces to

b Bl dulwm) N
a4 [ PR SEE D ay) = A Glr) B G RDG).

On the other hand "B, (x; 7) is orthogonal on (a,b) with respect to di(z;7) to
any polynomial of degree n — 1. Hence

b
/ e B (a3 7) /(& — ()l T)dih () =

Subtract {Ow((k(7);7)/07}/w((k(7); T) times the latter equality from (2.4) to ob-
tain
(2.5)
b 2 "B2(2;7) [Ow(w;7) /01 Ow(Ck(T);T)/OT )
D R R s E 0
= Ai(T)G " (LB, (Ge(7); T) PG (7).

The expression in the square brackets has the same (opposite) sign as & — (i (1) if
Olnw(x;7)/07 increases (decreases) in « € (a,b). Thus the integrand on the left-
hand side of (2.5) is positive (negative) if the logarithmic derivative with respect
to 7 of w(x, 7) increases (decreases) as a function of x in (a,b). This completes the
proof of Theorem 1.

For the proof of Theorem 2 we need a matrix representation of L-orthogonal
polynomials. We shall prove that the zeros of B,, are solutions of a generalized
eigenvalue problem. For any positive integer N define the n x n matrices Ax and
DN?

0  «aor) 0 e 0 0
7 (7) 0 ar(t) - 0 0
An(r) = : : : : : ;
0 0 0 0 anaf7)
0 0 0 yn-1(T) 0

Dy (7) = diag (Bo(7), B1(7), -+, Bn-1(7)) -
Let Qn(z;7) = 27 "/?By(x;7), n = 0,1

relation

(2.6)

xl/QQn(m; T) = an(T)Qn-‘rl(x; T) + ﬁn(T)x_l/QQn(x§ T) + ’Yn(T)Qn—l(m; T), n >0
with Q_1(z;7) =0, Qo(x;7) = 1, where ay(7), Bn(7) and ~,(7) are positive for

any 7 € (p,q). For any positive integer N and real z € (a,b) and 7 € (p, q), define
the N-dimensional vector-column

yn(z:7) = (Qo(w;7), ... ,Qn_1(z;7))"

,... . Then @, satisfy the recurrence
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The recurrence relation (2.6) yields the vector identity
(27) —an-1(0,...,0,Qu(w; )T = (An(r) + 272D (r) = 221 yx (i 7).

Therefore oy ...an—1Qn(z;T) can be represented in determinant form as

(2.8)
Va = Bo/Vx oo 0 - 0 0
04! VT —=0i/Vr a1 - 0 0
6 0 0 \/_—51.\/—2/\/5 Oéj\}—z
0 0 0o - IN-1 \/_*5N—1/\/5

Renormalizing Q,,,n = 1,2,... by Qn(z) = (o/71)"? ... (an_1/7n)"?Qn(z) we
obtain the recurrence relation

l‘1/2@n($) - 97L+1Q7l+1(x) + ﬁnx71/2(2n('r) + enQn—l(x)a
where 0, = /&, _17,. If fln(T) is the Hermitian matrix

0 Oi(r) 0 .- 0 0

91 (T) O 02 (T) e O O

A=+ 1 : :
0 0 0o - 0 On_1(7)

0 0 0 - On_yi(7) 0

and
5 . . T
gn(@7) = (Qo(@i7),. ., Quoa(ws7))
then (2.7) and (2.8) are transformed to

(2.9)  —Ox(0,...,0,Qn(z;7))T = (AN(T) + 272Dy (1) — xl/QI) g (7).

and
(2.10)
91...91\[@]\](1‘77'):
VT = Bo/VE 61 0 - 0 0
01 Ve —=pi/Vr b - 0 0
0 0 0 o V- ByalVE Oy
0 0 0o --- On_1 VT —PBn_1/VE
respectively.

Proof of Theorem 2. Tt follows immediately from (2.9) that the zeros ¢j of By
are the solutions of the generalized eigenvalue problem

(2.11) (AN(T) + 2 2Dy (r) — x1/2I) y=0

and an eigenvector which corresponds to (i is ynk(7) := gn((e(7);7). In the
remainder of the proof we shall actually prove the Hellman-Feynman theorem (see
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[6, 12]) for the problem (2.11). Substitute z = ({x(7) in (2.11) and multiply the
resulting equality by yxr. We obtain consecutively

(212) (An () + G2 @)D () = A1) () = 0
and
(2.13) (ynw Anyni) + G2 (unns Dvyne) — G2 (s yvi) = 0,

where (.,.) is a scalar product in Euclidian space IR". Recall that the zeros of By,
and thus the solutions of (2.13) are distinct. By the implicit function theorem (i
is differentiable and its derivative can be obtained by differentiating (2.13),

Wi Anyne) + (ynis Avyne) + (une Anyig)
—1/2
Ao i) (s Do) (ot D)
~26"2 (Y yne) — 31602 (uwi, Dnvyne) + G (yww ywi) ¥, = 0.

Here the prime means component-wise derivative with respect to 7. Since Ay
and Dy are Hermitian matrices they are self-adjoint operators in the Euclidian
space IRY. Thus (m,ley) = (y,lem) and (z,Dny) = (y,Dnz) for any two
n—dimensional vectors z and y. On using this fact and (2.12) we obtain

(yﬁvkl, ;ZlNyNk) + (ynis AnYng) + Ck_l/z{(yﬁvk, Dyynk) + (Ynws Dnyng)}
_2Ck/ (?Awi,yNk) s s
= 2(yyps (AN + G 2Dy — k/ Dynk) = 0.

Hence

{(ynk, Dnynk) + Ce(Ynk, yNk)}Ck_g/zC;’C = (yni, (Aly + ¢, UQDEV)Z/Nk)

(2.14) v - e -
= (" = a7 ) (ynn, Divyne) + (ynns (A + 2Dy )yne).

Since Dy is a diagonal positive matrix and ¢ > 0 then (; is certainly positive
(negative) if A% + dl_l/2D§v is positive (negative) definite and C;I/Q - dl_l/2 > 0.
This completes the proof of statement (i).

Now the proof of statement (ii) of Theorem 2 follows from the observation that
the polynomials By, (z,7) = (=1)"(Bo(7)f1(7) ... Bu1 (7)) 12" B, (1/x,7) satisfy
the recurrence relation

B, (z,7) = an(T)Bn({Eﬂ') + Bn(T)Bn(m,T) + ’?n(T)Bn(LU, ), n>0,

with B_; =0, By=1and f_; = 1.

Proofs of Corollaries 1 and 2. The first statement of Corollary 1 is a consequence
of satatement (i) of Theorem 2 and the Wall-Wetzel theorem [17]. Recall that the
Wall-Wetzel theorem states that a tridiagonal Hermitian matrix C' = (c;5);,—; is
positive definite if and only if ¢;; > 0, ¢ = 1,... ,n and cf,j+1/(ciici+1,¢+1), =
1,...,n—11is a chain sequence. The second statement follows from the comparison
test for the chain sequences (see Theorem 5.7 in [1]) with the largest finite constant
chain sequence given by Ismail and Li [7, Theorem 3]. Similarly, statement (ii) of
Theorem 2 leads to Corollary 2.
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Proof of Theorem 3. Having in mind the definition of yxj and (2.14) we conclude

(2.15)
sign ¢, =

N-1
sign Y [(\/ai7i+1)/c~2i+l(§k) +6 P BQi(G) + (\/aifl%‘)léifl@k)} Qi(Gr)-
i=0

Recall that the zeros of the orthogonal Laurent polynomials are positive and
distinct. Moreover, their leading coeflicients are positive because they satisfy (1.3)
with positive «,,. Hence for the largest zero (; of By we have

(2.16) Qi(¢1) >0, i=0,...,N—1.
For the smallest zero (x of By we obtain
(2.17) signQ;(Cn) = (-1)%, i=0,... ,N —1.

Now statement (iii) of the theorem follows immediately from (2.15) and (2.16).
Statement (iv) is a consequence of (2.15) and (2.17).

While the idea of the proof of (iii) and (iv) is applicable also for the orthogonal
polynomials and it is essentially due to Ismail [5, 6], the proof of (i) we shall give now
relies on a specific property of orthogonal L-polynomials. Sri Ranga and Andrade
[14] proved that if B, satisfy the recurrence relation (1.3), then the zeros of By
are the eigenvalues of the upper Hessenberg matrix

(2.18)
a1+ 00 a1+ B awys+B2 - an—2YN—1+ On—2 Bn-1
oY1 a2+ 61 ayz+ P2 - an—2yn—1+Bn—2 Bn-1
0 Q172 asy3+ B2 -+ an—2YN—1+Bn—2 Bn-1
Hy = ) . . . ) )
0 0 0 coo an—2YN—1+Bn—2 Bn-1
0 0 0 L ON—2VN-1 BN-1

Actually, the result in [14] is stated and proved for monic Laurent polynomials
and (2.18) follows by proper renormalization. Recall that the Perron-Frobenius
theorem (see Theorem 8.4.5 in Horn and Johnson [4]) asserts that if a matrix with
nonnegative elements majorises in the componentwise sense another matrix with
nonnegative elements then the largest eigenvalue of the first matrix is not less than
the largest eigenvalue of the second matrix. Now the Perron-Frobenius theorem
and (2.18) demonstrate the truth of assertion (i) of the theorem.

The proof of (ii) follows the same way from the recurrence relation of the poly-
nomials Bn

3. MONOTONICITY OF LAGUERRE AND JACOBI L-ORTHOGONAL POLYNOMIALS

In this section we shall apply the ongoing results to investigate the monotonic
behaviour of zeros of some sets of L-orthogonal polynomials which may be con-
sidered as L-analogs of Laguerre and Jacobi polynomials. First we consider the

orthogonal Laurent polynomials Hfla’ﬁ ) associated with the weight function

slasand) =a e () e 0.00)
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where « and 3 are positive (see [13, Example 3]). Since

Olnw(z;a, B) 8

BE; 20z

is an increasing function of z, x € (0, 00), then by Theorem 1 for any n > 0 all the
zeros of H,(La’ﬁ) increase with 3. The matrices Dy and le asspciated with these
L-orthogonal polynomials are: Dy = (I and the elements of Ay are 0; = +/2ay.

Hence a—aﬁ(le + d_l/QDN) = d~1/2] is positive definite for all d > 0. Then the

increase of the zeros of H,(La’ﬁ ) as functions of § follows also from Theorem 2. Since
% (i—17;) = 2i > 0fori=1,2,..., the largest zero of Hfla’ﬁ)
function of a.

Hendriksen and van Rossum [3] considered the monic polynomials

is also an increasing

Pr(la,c)(x) = (1(_6);7') 2F1(*7”L, 1—a;1—c— TL;:B),

where (¢), is the Pochhammer symbol and o F} is the hypergeometric function. If
P9 () = 0 then P\ (x) satisfy the recurrence relation (see [2])

3 c—|—n—1)P(aﬁ)(m)_ n—1)(c+n—a—1)

pled > 1.
a—n " (a—n)(a+1-n) wh g (@), n 2

P (@) = (@

It is clear that there are no values of a and c¢ for which the coefficients 3,_1 =
(c+n—=1)/(a=n),n>1land ypo1=n—-1)(c+n—a—1)/((a —n)(a+1—n)),
n > 2 are positive for every positive integer n. However, if

1) ¢>a> N, or 2) a<e<1—N,

then the coefficients 5y and 3,,7v,, n=1,..., N —1 are positive. In these cases we
can apply Theorem 2 and Corollary 1. We shall use Corollary 1 to investigate the
monotonicity of the zeros of P\ with respect to c. Since 9, /dc = (a—n—1)""1
and 9,/7,/0c = (1/2)n'/?{(a — n)(a —n — 1)(c — a + n)} /2 then the zeros of
P{*) n =1,...,N, which are smaller than cos™*(§%g), are certainly increasing
functions of ¢ if the parameters a and c satisfy 1). If @ and ¢ satisfy 2) then the zeros

of Pna’c)7 n = 1,...,N, which lie in the interval (07COS_2(N11 )), are decreasing

functions of c.

The last example concerns largest zeros of the ultraspherical L-polynomials B;)
introduced in Example 2 in [13]. Since the orthogonal L-polynomials in [13] are
obtained from symmetric orthogonal polynomials by a transformation which makes
the ordinary central symmetry an inversion symmetry, it is clear that if the positive
zeros of the symmetric orthogonal polynomials increase (decrease) then half of
the zeros of the orthogonal L-polynomials will increase and the other half will
decrease. It is shown in [13] that the ultraspherical polynomials are transformed
to L-orthogonal polynomials which satisfy (1.2) with dy)(z) = 2= (b—2)* /2 (z —
a)*12dz, where Vb = Va+ 3 + Va,va = Va+ B8 —/a, a,f > 0 and the
coefficients in the recurrence relation (1.3) are given by a,, = 1,3, =  and v, =
an(n+2X —1)/((n+ A)(n+ A)). By Theorem 2 all the zeros of B) are increasing
functions of 5. Furthemore, since v, /0a > 0 and

—na(n+ A 4+ —1)290(N) =207 + (2n — DA+ 1,
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then the largest zeros of B; are increasing functions of & and decreasing functions

of

il
[2
3
4
5
[6
[7
8

9

[10
[11
[12
[13
[14

[15

A > 0.
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