ZEROS OF JACOBI FUNCTIONS OF SECOND KIND
IVAN AREA, DIMITAR K. DIMITROV, EDUARDO GODOY, AND ANDRE RONVEAUX

ABSTRACT. The number of zeros in (—1,1) of the Jacobi function of second kind
ng"ﬁ)(x), a, B > —1, that is the second solution of the differential equation
(1—2")y"(x) + (B—a—(a+B+2x)y (@) +n(n+a+f+1)y(x) =0,

is determined for every n € N and for all values of the parameters a > —1 and § > —1.
It turns out that this number depends essentially on « and § as well as on the specific
normalization of the function Q%a’ﬁ ) (). Interlacing properties of the zeros are also
obtained. As a consequence of the main result, we determine the number of zeros of
Laguerre’s and Hermite’s functions of second kind.

1. INTRODUCTION

Consider the Jacobi differential equation
(1) (=2 (@) +(B-a—(a+B+22)y () +nn+a+f+1)yx) =0,

where n € N; o, > —1. It is classically known that it has two linearly independent
solutions, one of them being the Jacobi polynomial P{*” (). The behaviour of the
n zeros of this polynomial has been thoroughly investigated, mainly because of their
important role as nodes of Gaussian quadrature and because of their nice electrostatic
interpretation. Surprisingly enough, very little is known about the zeros of the non-
polynomial solution an’ﬁ)(x) of (1).

There are few results in the literature concerning the zeros of Q,(f"ﬁ )(ZL‘) Sturm’s
theorem guarantees that the zeros of Pi*"” (x) and of QiP )(ZL‘) interlace. Stieltjes [9] (see
also [10, Theorem 6.9.2]) proved that the Legendre function of second kind Q,(lo’o)(:p) has
exactly n + 1 zeros in (—1,1). Moreover, he established the inequalities v7/(n+1/2) <
0 < (v+1/2)r/(n+1/2), v =0,1,2,...,n, for the zeros of QS)’O)(COSQ). Recently,
Peherstorfer and Schmuckenschliager [6] calculated the number of zeros of the function
Q(()a’ﬁ ) () and proved that this number depends on the parameters o and (.

The reason for the lack of results might be the simple fact that, if Q%a’ﬁ ) (x) is a
“second” solution, then, for any value of the real constant C', the function

e Qe () = Q@) + C P).
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is also a solution of (1) and Qi? )(ZL‘) may be called a “second” solution, too. Roughly
speaking, the problem is in the specific normalization which should be adopted. While
the number and the location of zeros of the polynomial solution does not depend on the
normalization, in the case of the second solution both the number and the location of
the zeros of @%a’ﬁ ) () depend essentially on the value of the constant C. In this paper
we adopt a specific normalization of the second solution and determine the number of
its zeros in (—1,1). Grosjean [4] proved that

—a — 1 (o, 8) ot
Fa+p+2)1—z) (1 +2) 573/ Py (s)(1 —8)* (1 + )8

(3) nga’ﬁ)(x) = 2a+5+1 F(a + 1) F(ﬁ + 1)

ds,
-1 r— S

where P denotes the Cauchy principal value and pd (x) is the nth Jacobi polynomial
normalized by Pi*" )(1) = (a+ 1), /n!, is a solution of (1) that is linearly independent
to P,E"’ﬁ)(x). Let z,,1(c, 3) be the zeros of P,E"’ﬁ)(x), arranged in decreasing order,

1 <zpn(a,B) < - <zpola,f) <zpi(a,f) < 1.

We shall denote by ¢,,:(c, ) the zeros of QlP) () in (—1,1), arranged also in decreasing
order. According to Sturm’s theorem about interlacing of zeros of linearly independent
solutions of differential equations, there is exactly one simple zero of Q,(f"ﬁ ) (x) in each
of the intervals surrounded by two consecutive zeros of pLeh (). In other words, the
inequalities ,, j1+1(a, B) < gni(e, B) < xp (e, F) hold for k =1,...,n—1, and Q,(f"ﬁ)(x)
has at least n — 1 zeros in (—1,1). In what follows we shall omit the parameters o and
B in the denotations of these zeros using the more succinct forms z,, 5 and ¢, ;. We shall
prove the following

Theorem 1. Let n € N. The number of zeros of the Jacobi function of the second kind
Qi) (x), defined by (3), in the interval (—1,1), is
(a): n—1 when -1 < a, 3 < —1/2;
(b): n  when either -1 <a < —1/2, > —-1/2, ora>—-1/2,-1 << —-1/2;
(c): n+1 when o, > —1/2.

Moreover, the following interlacing properties hold:

(A): The n —1 zeros of Ql) (x) satisfy Tnpi1(a, B) < qui(a, B) < zpr(a, ) for
k=1,....n—1;

(B’): When —1 < o < —1/2, 5 > —1/2, except for the zeros, described in (A),

g‘)"ﬁ)(z) has one additional zero gn ., € (—1,25.,);

(B”): When a > —1/2,—1 < 8 < —1/2, except for the zeros, described in (A),
an,ﬁ)(x) has one additional zero gno € (Tn1,1);

(C): When o, 3 > —1/2 the function QlP) () has n+ 1 zeros satisfying the inter-
lacing properties described in (A), (B’) and (B”).

The results of the theorem are summarized in Table 1. There n, means that the
additional zero of Q\") (x) appears to the left of the smallest zero z,,, of ples )(ZL‘), and
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n, means that the extra zero of Qsla’ﬁ) (x) appears to the right of the largest zero x,,; of
P ().

TaBLE 1. Number of zeros of Q™" (x) in (—=1,1)

al\fj -1<p<-1/2|-1/2<p
—l<a<-1/2 n—1 Ty
-1/2<a Ny n+1
The cases when either « = —1/2 or § = —1/2 are of particular interest. Our analysis

yields the following:
Proposition 2. The equalities 111?11 QUY28) (2) = 0 and 11?311 Q> (z) = 0 hold for any
a, 3> —1.

Moreover, when o« = 3 = —1/2, for the second kind Chebyshev function is given by

Q271/27*1/2) (x) = m Un71<x> )

where U, (x) is the Chebyshev polynomial of the second kind (see [4]).

The above mentioned version of Sturm’s theorem implies that an,ﬁ )(ZL‘) may pos-
sess eventually additional zeros, but at most one in each of the intervals (—1, z,,,) and
(n1,1). Despite that this analysis depends only on the behaviour of the Jacobi function
of the second kind close to the end—points of (—1,1), Theorem 1 provides the first com-
plete and correct characterization of the number of zeros of Q" (x). It might be worth
mentioning that Lemma 2 in [11] erroneously states that Q™" (z) always has n-+ 1 zeros,
no matter what the values of o and [ are, while Theorem 1 in the present paper shows
that it happens if and only if & > —1/2 and 8 > —1/2. We thank Professors Wong and
Zhang for a discussion on this topic.

The paper is organized as follows: In Section 2 we recall some results obtained in [4, 6].
Theorem 1 is proved in Section 3. In Section 4 we investigate the positions of zeros of
Qsﬁf) (z), relative to those of - S{l’ﬁ)(x), lea_ﬁ;)(x) and ng’ﬁ)(w). In the last section we
determine the number of zeros of the Laguerre and Hermite functions of the second kind
in (0, 4+00) and (—o0, +00), respectively.

2. PRELIMINARIES

Let « > —1, 3 > —1, and n > 0. As it was already mentioned, except for the case
n =0, a+ 3+ 1 =0, which was considered in [10, Theorem 4.61.1], in what follows
we consider the solution y(z) = Qi) (x) of (1) as given in (3). Grosjean [4, Eq. (41)]
proved that, for every x € (—1, 1),

W) Q) = P [l 540 [
MNa+ 6+42) W,(ﬂ’lﬁ) (x)

+

20 (o + DI(B+ 1) | A —2)(1+2)f’
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where [4, p 268, Eq. (32)]

[e.9]

1 o 1—a,1,1
Aaﬁz(o“ﬁ);(nm)(nw)+5+13F2< B+2,2 ‘ ‘1)
ﬁ 1_ﬁ7171
_a+1ﬂ%< a+2,2 ‘_1)’

B T(a++2) /1 B (z) — BV (s)
C 208D (a + DB+ 1) /)
are the first associated polynomials [4, 5, 10].

Note that, for n € N,
2 (1 1 1
(5) ngaﬂ)(x) _ (I+a) A+8) A+a+B+n)
da 2+a+p) B+a+p)
Also, in Grosjean [4, p 286, Eq. (87)], we have

and, for n € N,

WD () (1) (1+s)7ds,

1 xr — S

Q(aJrl,ﬁJrl) (IL‘) )

n—1

Wi (@) =

(a+B+Dn+a+pf+2) Z P (@) P ()
(

2 p k+1)(n—k+a+5+1)

On using the normalization

(6) ped(y = 2t U
n.
we obtain
0n i 1+8) 24+ 8+n) 1
(7) W) = 2 —(k+1) (n—k+5+1)

when o = 0 and

®) W) = o

1 <(1+a+6)f‘(n+a+2) F(a+ﬁ+2)I‘(n+ﬁ+2))

- 2a [(a+1)T(n+2) FrB+1)T(n+a+p+2)
otherwise. Obviously, we have Wé“’ﬁ)(l) = (—1)"W,(Lﬁ’a)(—1) and
9) QWP (—z) = (=1)" QP (x), for every n € N.
It follows from [4, (39)] that, for a, 3 > —1, and = € (—1,1), we have
(10) Q@) = (a++1) /0 (1— t)anil P 2a+ﬁ+fé?a++ﬁ1}2()ﬁ 1)l
_ D(a+(+2) 73/1 (1—t)“(1+t)5dt.
200 N+ DIB+ D) (L —2)* (1T +2)7 ), z—t

It was proved in [6] that

o+ 5 +2)
2048+ (a 4+ 1)T(B + 1)

cot(am), a<0,
(11) lim Q" (z) =

400, a>0,
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provided oo + 3+ 1 # 0.
We shall make use of the reflection formula for the Gamma function [1, p 256, Eq.
(6.1.17)]

T

(12) MNa+ )I'(—a) = _sin(om) , —1l<a<0,

and of the sum

(13) i _meotlar) ¢7, a—1/2
— (k + a)( —a—l) 200+1 7 ’ '

3. NUMBER OF ZEROS OF Qﬁla’ﬁ)(x) IN (—1,1)

Proof of Theorem 1. From (4), if x, (e, B) is a zero of the nth degree Jacobi polyno-
mial, then

WD (e, B))
(1 — @nil(c, B)) (1 + 2o (0, 5))8

Since the zeros of W7 (2) and P\ (z) interlace [3, p 86], then

ngaﬁ) (Tni(a, B)) = —

Wy (i, B)) _ (1)
(L= (e, D)L+ (e 7)) |

(14) sign (Q (z,4(a, 7)) = sign (—

It remain to investigate the behaviour of Q,(f"ﬁ ) (x) close to the end points +1. The
identity

W, (@)

(15) lea,ﬁ)(x) = P,ga )( ) éa 6)(x) - (1 _ :E)O‘ (1 + x)ﬁ

€e(-1,1),

follows from (4) and (10). We study the behaviour of Qi) (x) as T 1, taking the
limit, as = T 1, in the above expression. Let us begin with the case aa + 5+ 1 = 0,
(o, B) # (—1/2,—1/2). Since in this case o < 0, then either by using (4) and the explicit
expression for A, _1_,, or by employing (15) and (10), we obtain

20 + 1 -
1 (Cv —1— CV — P(ayflfa) 1 .
i Q" w) = £, WreT ;k—i—a —a—l)
Then equations (12) and (13) immediately yield

(a )y (a+1), cos(am)

Therefore the sign of this limit is negative for o € (—1,—1/2) and positive for a €

(—1/2,0).
Now we proceed the study of lim,; Q,(f"ﬁ ) (x) for the general situation when o+ (5+1 #
0. We shall distinguish the cases: o« < 0, a =0 and o > 0.
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(1) a<0
By using (11), (6) and (8) we have
W(a76)<x>
@B (Y T (@B) (B o
lml{rll Qn («T) l:glll {Pn (.T) 0 («T) (1 — ZL‘)O‘ (1 + l‘)ﬁ

(a+1), a4+ [5+2)
n! 208D (o + 1)T(B+ 1)

= plf) (1) 11%1 an’ﬁ)(x) =— cot(am) .
Obviously the right-hand side of the latter expression depends on a:
(1.1) —-l<a<-1/2
lim QWA (z) <0,
Therefore an,ﬁ)(x) does not vanish in (z,;(a, §),1).
(1.2) -1/2<a<0

lim QWA (z)>0.

Hence, Q" (x) has exactly one zero in the interval (x,1(a, 3),1).

(1.3) a=-1/2
(—1/27@(1,) —0.

In this case limg; Qn

(2) a=0
It follows from (11), (6) and (7) that

W) ()
im 008 (1) — i 0.8 (OO () _ Va1
lim &y, (z) = li {Pn (2)Q? (x) L

n

o 08) 1+p)@2+5+n) ! =
=1im Q™" (=) - 951 ,;(k+1)(n—’f+5+1)_+oo.

Therefore, Q,(To’ﬁ) (x) has exactly one zero ¢, (0, ) in the interval (z,:(0,3),1).
This result generalizes [10, Theorem 6.9.2], which provides the number of zeros
of the Legendre functions of the second kind in (—1,1).

3)a>0
Multiplying (4) by (1 — ), we obtain

QL (@)(1 - 2)* = PO (a) [(a O+ D1 - a) / = t)a+?€1 o)

T(a+ 6 +2) wad (@)
20+AHT (o + 1)I(B + 1) aﬁ} T 1+ a)f

+(1 —x)”

Since

lim(l - 2)° /m dt 1
im(1 —x —
]l o (IT—t)et (1 4¢)8+1 26+
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then the sign of Q™" () at the points from (—1,1) that are close to 1 is the
same as the sign of

(@+DuatB+1 WM 2T +a+8)T(1+5+n)
n! o 20+1 26 a1+ T(l+a+p+n)

which is always positive. Thus, S?"”(x) has a zero ¢, o(e, ) in (x,1(a, 8),1).

Thus, we proved that Q\™”(z) has one zero, dnola, B), in the interval (z,1(c, 3),1) if
and only if @ € (—1/2,+00). Then the symmetry relation (9) implies that Qi) (x) has
one zero, ¢nn(c, B), in (=1, 2,,(c, 3)) if and only if 3 € (—1/2,+00). This completes
the proof of the theorem. Moreover, we established Proposition 2.

At the end of this section we return to the comments we made in the introduction about
the dependence of the number of zeros of a specific solution of (1) on the normalization
adopted. It is clear from the proof of Theorem 1 that, if we choose the constant C' in the
representation (2) of QlP )(:p), to be sufficiently large, then Q' (x) would have n + 1
zeros, independently on the values of a and (3. Indeed, it certainly happens if

m(a+ 5 +2)

C> e T (o + DT+ 1)

cot(am),
because in this case we have lim,; ole 6)( )>0forallneN, a,3> —1.

4. RELATIVE POSITION OF ZEROS OF Q%% (z), 4 - @), Q9 (z) BETWEEN TWO
CONSECUTIVE ZEROS OF Q(O‘ﬁ (7)

We begin this section with the following interlacing property of zeros of the Jacobi
functions of second kind:

Theorem 3. Let n € N. Then there is exactly one zero ¢ui1i11(, B) of Qn+1 () and

ezactly one zero q,_1(a ﬁ) on D) in each interval (qniia(, 5), gnila, B)) between
two consecutive zeros of Q™" (x)

This fact can be established in various ways. One is to use Sturm’s comparison theorem
(see [10, Theorem 1.82.1]). Indeed, since the function

u(a:) — (1 _ x)(aJrl)/? (1 + x)(6+1)/2 ngﬁ) (:c)

is a solution of (see [10, Eq. (4.24.1)])

2

(16) L2 v@) + flz,n) uz) =0,
where
C1f1-a®> 1-p3*  nn+a+B+1)+(a+1)(B+1)/2
f(x’n>_1{(1—x)2+(1+x)2+4 1 — 22 }’

and obviously f(xz,n) < f(xz,n + 1), then the interlacing property follows.
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It can be justified also by the recurrence relation (see [4, (16)])
Q7(:) =1,
(17) Q0 0(2) = Qi (2) = Ba@Qi (2) + G027 (2), >0,
where Q'™ (2) is given by (10), Cp := 1, and
2+ 1)(n+a+5+1)
Cn+a+B+D)2n+a+5+2)’
a2 _ 62
Cn+a+p)2n+a+G+2)°
2(n + a)(n + )

2n+a+pB)2n+a+B+1)

Hence the Jacobi functions of second kind satisfy a Christoffel-Darboux formula which

n —

n:

n —

yields the interlacing property [3].
In order to study the location of the zeros of the derivatives, we shall use the following
structure relations. From [5, Eq. (1.2.13)] and [2] we have

(18)  ola) SQEN(w) = W (@)@ (a) - AT I DL

2n+a+ G+ 2
where o(z) = 1 — 22 and

QW (x),

@) (p) = _nFtatBb+l o

W) = I (50— nrat 5+ 2)0).
Then, from (18) and (17), we obtain

d Hap) @8 ()08 () 4+ 22+ 1) (BH1)
19) o)1 ) = 2l @)@ (w) + HGEL I o) e,
where 5

(8) (1) — @ _
O, P (1) _n(2n+a+5 x)

By the previous result, in every interval (g, ;+1(« ﬁ) qn i(a, B)) between two consecu-
tive zeros of Q'™ ﬁ)( ) there is exactly one zero of Qn+1 (x) and of Qsla_f)(x) By Rolle’s
theorem, and by Theorem 1, in that interval there is exactly one zero ¢,,; of % {oB) (x).
Now we study the mutual location of g,11,41(c, 3), gn-1.:(c, ), and ¢, ;.

Theorem 4. For any fixed n € N and o, 3 > —1, let

. f—a
CcC =
2n+ o+ 6+ 2
and
d* ::O‘i_ﬁ_
2n+ o+ (6

(i): If, for some indezx i, we have Gni1i41(c, 3) < ¢, then ¢ui1ip1(c, B) > to,.
Otherwise, if qni1,iv1(a, ) > ¢, then gyt (@, B) <t
(ii): If, for some index j, we have ¢, j(cv, B) < d*, then gn,—1 (@, B) < t,, ;. Other-

wise, if ¢u—1j(cv, B) > d*, then gn—1 (o, 5) >t ;.
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Proof. First we shall establish the statement (i). Let us restrict our considerations only
to x € I, where I = (¢ni+1(, 5),qni(c, ). Since the zeros of lea,ﬁ) () and of its
derivative are simple, and o(z) = 1 — 22 is positive in (=1, +1), then

507 (@)

iy 0 or @ € (il B), )

()

and
d (aaﬁ)(x)

da ¥

%a,6)< <0 for x € (th:, qmila, 3)) .

z)
Then the relation (18) implies immediately that

TP (g i1i01(, B)) > 0 if and only if guy1i1(c, B) € (quiv1(a, B),tni)

and

‘I’ﬁf"ﬁ) (Qn+1,z‘+1(0475>) < 0 if and only if Qn+1,z‘+1(0475> € (tn,i7 Qn,i(%ﬁ)) .

The latter statement is equivalent to (i). The proof of (ii) is similar. It uses the relation
(19). O
It is worth mentioning that for a = § we have ¢* = d* = 0 for all n € N, and then the
inequalities
i1 (@ @) <tni < Gnori(o, @)
hold for the positive zeros of Q,ﬁ‘f)(:p) and of Q,(fi(f)(:p) In particular, in the Legendre

case these coincide with results given in [7, 10]. The corresponding result for the zeros
of Jacobi polynomials and of their zeros was obtained in [8].

5. LAGUERRE AND HERMITE CASES

In this section we obtain the number of zeros of Laguerre and Hermite functions of
second kind in the intervals where the corresponding polynomials are orthogonal.

5.1. Zeros of Laguerre functions of the second kind. The change of variables

2s
r=1-—, (23>0,
5}

in (1) yield the following hypergeometric differential equation

5(1—%)y"(s)+ (a+1—s(1+a7+2))y'(s)+n(l+%m) y(s) = 0.

When [ tends to infinity, we obtain the Laguerre differential equation
sy"(s) + (a+1 = s)y'(s) +ny(s) =0,

whose polynomial solution is the Laguerre polynomial L (x), and denote by ng‘) (s) its
second solution which is obtained by the limit relation (see [2])

_ n—2 9
() e (1-5) -
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The linear change of variables

x(s)zl—%

transforms the zeros z,, x(a, B) of pieh (x) to the zeros z,;(a) of L (x), and the ze-
r0s gn (e, 3) of lea’ﬁ ) (x) are mapped to the zeros ¢, x(a) of the second kind Laguerre
functions Q,(f‘) (x). Moreover, the mapping reverses the order of the zeros and it also
maintains the interlacing properties of the zeros.
Now Table 1 immediately implies the following facts about the number of zeros of

Qw7 (s):

(1) If « > —1/2, then Q,(f‘)(x) has n + 1 zeros in (0, 4+00).

(2) If =1 < < —1/2, then QY (x) has n zeros in (0, 4+00).

5.2. Zeros of Hermite functions of the second kind. By using limit relations be-
tween Jacobi and Hermite functions of the second kind, obtained in [2], we conclude that
the Hermite function of second kind @, (z) has exactly n + 1 zeros in (—oo, +00).

ACKNOWLEDGMENTS

This work was partially financial supported by the “XXII Comisiéon Mixta Perma-
nente del acuerdo cultural entre Espana y Bélgica (Comunidad Francesa)”. The work
of I. Area and E. Godoy was partially supported by Ministerio de Ciencia y Tecnologia
of Spain under grant BEM2002-04315-C02-01, cofinanced by the European Community
fund FEDER. The research of D. K. Dimitrov was supported by the Brazilian founda-
tions CNPq under Grant 300645/95-3 and FAPESP under grant Grant 03/01874-2. D.
K. Dimitrov and A. Ronveaux thank the Departamento de Matematica Aplicada IT of
Universidade de Vigo for the kind invitation and the financial support.

REFERENCES

[1] M. Abramowitz and I. Stegun. Handbook of Mathematical Functions. (Dover, New York, 1965).

[2] 1. Area, E. Godoy, A. Ronveaux and A. Zarzo. Hypergeometric—type differential equations: second
kind solutions and related integrals. J. Comput. Appl. Math. 157, 93-106 (2003).

[3] T. S. Chihara. An Introduction to Orthogonal Polynomials. (Gordon and Breach, New York, 1978).

[4] C.C. Grosjean. The weight functions, generating functions and miscellaneous properties of the se-
quences of orthogonal polynomials of the second kind associated with the Jacobi and the Gegenbauer
polynomials. J. Comput. Appl. Math. 16, 259-307 (1986).

[5] A.F. Nikiforov, S.K. Suslov, and V.B. Uvarov. Classical Orthogonal Polynomials of a Discrete Vari-
able. (Springer Series in Computational Physics. Springer, Berlin, 1991).

[6] F. Peherstorfer and M. Schmuckenschléager. Interlacing properties of zeros of associated polynomials.
J. Comput. Appl. Math. 59(1), 61-78 (1995).

[7] L. Robin. Fonctions Sphériques de Legendre et Fonctions Sphéroidales. Tome III. (Gauthier—Villars,
Paris, 1957).

[8] A. Ronveaux and S. Belmehdi. Interlacing properties of the zeros of the derivative, associated and
adjacent of semi—classical and classical orthogonal polynomials. Ann. Numer. Math. 2(1-4) 159-168
(1995).

[9] T. J. Stieltjes, Sur les polynémes de Legendre, Ann. Fac. Sci. Toulousse 4 (1890), 17 pp.



ZEROS OF JACOBI FUNCTIONS OF SECOND KIND 11

[10] G. Szegd. Orthogonal Polynomials. 4th ed., Amer. Math. Soc. Coll. Publ., Vol. 23, Providence, RI,
1975.

[11] R. Wong and J.-M. Zhang. The asymptotics of a second solution to the Jacobi differential equation.
Integral Transform. Spec. Funct. 5(3-4) 287-308 (1997).

(Area) DEPARTAMENTO DE MATEMATICA APLICADA II, E.T.S.E. TELECOMUNICACION, UNIVER-
SIDADE DE VIGO0, CAMPUS LAGOAS-MARCOSENDE, 36200 VIGO, SPAIN.

E-mail address, Area: area@dma.uvigo.es

(Dimitrov) DEPARTAMENTO DE CIENCIAS DE COMPUTAGAO E EsTATISTICA, IBILCE, UNIVERSI-
DADE ESTADUAL PAULISTA, 15054-000 SA0 JosE DO Rio PRETO, SP, BRAZIL

E-mail address, Dimitrov: dimitrov@dcce.ibilce.unesp.br

(Godoy) DEPARTAMENTO DE MATEMATICA APLICADA II, E.T.S.I. INDUSTRIALES, UNIVERSIDADE
DE VIGO0, CAMPUS LAGOAS-MARCOSENDE, 36200 VIGO, SPAIN.
E-mail address, Godoy: egodoy@dma.uvigo.es

(Ronveaux) DEPARTEMENT DE MATHEMATIQUE, UNITE D’ ANALYSE MATHEMATIQUE ET DE MECA-
NIQUE, UNIVERSITE CATHOLIQUE DE LOUVAIN, BATIMENT MARC DE HEMPTINNE, CHEMIN DU CY-
CLOTRON 2, B-1348 LOUVAIN-LA-NEUVE, BELGIUM.

E-mail address, Ronveaux: ronveaux@math.ucl.ac.be



