Electrostatic Interpretation and Bounds for the Extreme Zeros of Classical Orthogonal Polynomials^∗

Dimitar K. Dimitrov^†

Departamento de Ciências de Computacão e Estatística, IBILCE, Universidade Estadual Paulista, 15054-000 São José do Rio Preto, SP, Brazil

Abstract. Let P^{(α,β)}n , n = 0, 1, . . . , α, β > −1 be the Jacobi polynomials, orthogonal on (−1, 1) with respect to the weight function (1 − x)^α(1 + x)^β. Denote by x_{n,k}(α, β), k = 1, . . . , n the zeros of P^{(α,β)}n enumerated in decreasing order. Lower bound for x_{n,n}(α, β) and upper bound for x_{n,1}(α, β) are obtained as a consequence of the electrostatic interpretation of the zeros of P^{(α,β)}_n . The results are applied then to obtain bounds for the extreme zeros of Laguerre and Hermite polynomials.

1 Introduction

One of the important reasons for the interest in the zeros of Jacobi polynomials is the fact that x_{n,k}(α, β), k = 1, . . . , n admit a very interesting electrostatic interpretation. They are the points of equilibrium of n unit charges in (−1, 1) in the field generated by charges (α + 1)/2 at 1 and (β + 1)/2 at −1, where the charges repell each other according to the law of logarithmic potential. It is worth mentioning that this electrostatic field is not the field of point charges but of long straight wires perpendicular to the real axis [9]. This beautiful interpretation is due to Stieltjes [10, 11, 12]. Szegö [13, Section 6.7] proved that the equilibrium is a minimum of the energy of the described field. We refer to the review papers [14, 15] for the historical background and other results concerning electrostatics of zeros of orthogonal polynomials.

Thus, any result about the behaviour of x_{n,k}(α, β) provides information about the above electrostatic field. In this paper, the opposite approach is suggested. We employ the above results of Stielties and Szegö to obtain bounds for the extreme zeros of Jacobi polynomials.

For every positive integer n and for any real α > −1 and β > −1, the function B(n, α, β) is defined by B(n, α, β) = (β^2 − α^2)^2 + (4n(n + α + β + 1) + (α + β)(α + β + 2)) ( 4n(n + α + β + 1) + 2(α + β + 2) − (β − α)^2 ) . ∗Research supported by the Brazilian foudation CNPq under Grant 300645/95-3 and the Bulgarian Science Foundation under Grant MM-414.

†On leave from The University of Rousse, Bulgaria

Theorem 1 For every positive integer n and any real α > −1 and β > −1 the inequalities x_{n,n}(α, β) > β^2 − α^2 − √ B(n, α, β) 4n(n + α + β + 1) + (α + β)(α + β + 2)

(1.1) and x_{n,1}(α, β) < β^2 − α^2 + √ B(n, α, β) 4n(n + α + β + 1) + (α + β)(α + β + 2)

(1.2)

hold.

As consequences we obtain bounds for the extreme zero of Laguerre and Hermite polynomials.

Corollary 1 Let h_{n,1} be the largest zero of the Hermite polynomial H_n(x). Then h_{n,1} ≤ √ 2n − 1. (1.3)

Corollary 2 Let x_{n,n}(α) and x_{n,1}(α) be the smallest and largest zero Laguerre polynomial L^{(α)}n (x), respectively. Then for any α > −1 the inequalities x_{n,n}(α) ≥ 2n + α + 1 − √ (2n + α + 1)^2 + 1 − α^2 (1.4) and x_{n,1}(α) ≤ 2n + α + 1 + √ (2n + α + 1)^2 + 1 − α^2 (1.5)

hold.

Although the bounds obtained in Theorem 1 and Corollaries 1 and 2 are not the sharpest one, they are asymptoticaly sharp in the sence that as n diverges, they behave like the best known bounds. Sharper bounds for the extreme zeros of Jacobi polynomials are given by Elbert, Laforgia and Rodonó [3] and by Ismail and Li [7]. The best lower bound for the smallest zero of Laguerre polynomial is that obtained by Ismail and Li [7] and the best upper bound for the largest zero of Laguerre polynomial is given by Szegö [13, Theorem 6.32]. Inequality (1.3) is slightly sharper than the inequality h_{n,1} < √ 2n, which was obtained recently by Ifantis and Siafarikas [6].

2 Proof of Theorem 1

Consider the electostatic field, described above. Charges (α + 1)/2 and (β + 1)/2 are distributed along long wires wich are perpendicular to the real axes and intersect it at 1 and −1, respectively. The remaining n unit charges are distributed along long wires which are also perpendicular to the real axes and pass through the points x_1, . . . , x_n, where −1 < x_1 < . . . < x_n < 1. Then the energy of the field is given by L(x_1, . . . , x_n) = α + 1 2 n∑ i=1 log 1 |1 − x_i| + β + 1 2 n∑ i=1 log 1 |1 + x_i| + ∑ 1≤i<j≤n log 1 |x_j − x_i| .

It is clear that the energy is minimal if and only if the function

T (x_1, . . . , x_n) := n∏ i=1 (1 − x_i)^{(α+1)/2}(1 + x_i)^{(β+1)/2} ∏ 1≤i<j≤n |x_j − x_i|. (2.1) is maximal. Stiltjes and Szegö’s results are summarized in the following theorem: Theorem A ([13, Theorem 6.7.1]) Let α > −1, β > −1, and let {x_i}, −1 ≤ x_i ≤ 1, be a system of values for which the expression (2.1) becomes a maximum. Then the {x_i} are the zeros of the Jacobi polynomial P^{(α,β)}n (x).

The proof is straightforward and uses the fact that y(x) = P^{(α,β)}_n (x) is the unique (up to a constant factor) nonzero polynomial solution of the differential equation

(1 − x^2)y^{′′} + (β − α − (α + β + 2)x)y^′ + n(n + α + β + 1)y = 0. (2.2)

More precisely, one needs the following theorem:

Theorem B ([13, Theorem 4.2.2]) Let α > −1 and β > −1. The differential equation

(1 − x^2)y^{′′} + (β − α − (α + β + 2)x) y^′ + γy = 0,

where γ is a parameter, has a polynomial solution not identically zero if and only if γ has the form n(n + α + β + 1), n = 0, 1, . . .. This solution is constP^{(α,β)}_n (x), and no solution which is linearly independent of P^{(α,β)}_n (x) can be a polynomial.

It is well-known (see [13, p. 117]) and easy to see that for any nonnegative integer l, y(x) = P^{(α,β)}_n (x) is a solution of the differential equation

(1 − x^2)y^{(l+2)} + (β − α − (α + β + 2l + 2)x) y^{(l+1)} + (n(n + α + β + 1) − l(l + α + β + 1)) y^{(l)} = 0. (2.3) Proof of Theorem 1. Consider the function T^2(x_1, . . . , x_n) on the simplex Ξ := {−1 < x_1 < . . . < x_n < 1}. Observe that

T^2(x_1, . . . , x_n) = τ(x_1, . . . , x_{k−1}, x_{k+1}, . . . , x_n)(1 − x_k)^{α+1}(1 + x_k)^{β+1} ∏ i≠k (x_k − x_i)^2

= τ(x_1, . . . , x_{k−1}, x_{k+1}, . . . , x_n)(1 − x_k)^{α+1}(1 + x_k)^{β+1}ω^2_k(x_k).

Here the function τ(x_1, . . . , x_{k−1}, x_{k+1}, . . . , x_n) = τ(x̄ \ x_k) does not depend on x_k and ω_k(x) := ω(x)/(x − x_k), where ω(x) := ∏_n i=1(x − x_i).

Differentiating the latter identity and using the equalities ω^{(l+1)}(x_k) = (l + 1)ω^{(l)}_k (x_k), l = 0, 1, 2, we obtain consecutively ∂ ∂x_k T 2(x_1, . . . , x_n) = τ(x̄ \ x_k)^∂_{∂xk} ( (1 − x_k)^{α+1}(1 + x_k)^{β+1}ω^2_k(x_k) ) = τ(x̄ \ x_k) (1 − x_k)^α(1 + x_k)^βω_k(x_k) { 2(1 − x^2_k)ω^′_k(x_k) + (β − α − (α + β + 2)x_k) ω_k(x_k) } = τ(x̄ \ x_k)(1 − x_k)^α(1 + x_k)^β ω^′(x_k) { (1 − x^2_k)ω^{′′}(x_k) + (β − α − (α + β + 2)x_k) ω^′(x_k } . (2.4) and τ^{−1}(x̄ \ x_k)^{∂2}_{∂x2k} T^2(x_1, . . . , x_n) =^∂_{∂xk} ( (1 − x_k)^α(1 + x_k)^β ω_k(x_k) ) { 2(1 − x^2_k)ω^′_k(x_k) + (β − α − (α + β + 2)x_k) ω_k(x_k) } + (1 − x_k)^α(1 + x_k)^βω_k(x_k) { 2(1 − x^2_k)ω^{′′}_k (x_k) + (β − α − (α + β + 6)x_k)ω^′_k(x_k) −(α + β + 2)ω_k(x_k)} =^∂_{∂xk} ( (1 − x_k)^α(1 + x_k)^β ω_k(x_k) ) { (1 − x^2_k)ω^{′′}(x_k) + (β − α − (α + β + 2)x_k) ω^′(x_k) } + (1 − x_k)^α(1 + x_k)^βω^′(x_k) { (1 − x^2_k)^{2ω′′′(xk)}_3 + (β − α − (α + β + 6)x_k)^{ω′′(xk)}_2 −(α + β + 2)ω^′(x_k)} .

(2.5)

The function T^2 is positive in Ξ and vanishes on the boundary of Ξ. Therefore the maximal value is attained at an intrinsic point of Ξ. This means that the maximum is local. Now (2.4) and Theorem B complete the proof of Theorem A.

Another implication of the fact that the maximum of T^2 is local and it is unique, is that ∂^2T^2/∂x^2_k are negative for k = 1, . . . , n at the only extremal point (x_{n,n}(α, β), . . . , x_{n,1}(α, β)). Since τ^{−1}(x̄\x_k) > 0 and (1 − x^2_k)ω^{′′}(x_k) + (β − α − (α + β + 2)x_k) ω^′(x_k) = 0 for x_k = x_{n,k}(α, β), k = 1, . . . , n, then

F (x_k) := ω^′(x_k) { 2 3 (1 − x^2_k)ω^{′′′}(x_k) + 1 2 (β − α − (α + β + 6)x_k)ω^{′′}(x_k) − (α + β + 2)ω^′(x_k) }

< 0, for x_k = x_{n,k}(α, β), k = 1, . . . , n. We use (2.3) for l = 1 and l = 0 consecutively in order to simplify F (x_k):

6F (x_k) = ω^′(x_k) {[(α + β − 2)x_k + α − β]ω^{′′}(x_k) −[4n(n + α + β + 1) + 2(α + β + 2)]ω^′(x_k)} =^{(ω′(xk ))2}

1−x^2_k {[(α + β − 2)xk + α − β] [(α + β + 2)xk + α − β]

−[4n(n + α + β + 1) + 2(α + β + 2)] (1 − x^2_k) } . Therefore the inequalities

[(α + β − 2)x_k + α − β] [(α + β + 2)x_k + α − β] −[4n(n + α + β + 1) + 2(α + β + 2)] (1 − x^2_k) < 0

hold for x_k = x_{n,k}(α, β), k = 1, . . . , n. This latter statement is equivalent to the statement of the theorem. □

3 Bounds for the extreme zeros of Gegenbauer, Laguerre and Hermite polynomials

Let ζ_{n,1}(λ) be the largest zero of the Gegenbauer (ultraspherical) polynomial C^λ_n . There are three recent results about upper bounds for ζ_{n,1}(λ). We refer to [8] for a more detailed review. Elbert and

Laforgia [1, Theorem 1 (ii)] proved that ζ_{n,1}(λ) < √ n^2 + 2λn n^2 + 2λn + λ^2 + λ for λ ≥ 0,

and Ifantis and Siafarikas [5] proved the inequality ζ_{n,1}(λ) < √ n^2 + 2λn − n n^2 + 2λn + λ^2 − n − λ for λ > 1/2. Förster and Petras [4] obtained the upper bound ζ_{n,1}(λ) < √ n^2 + 2λn − λ − 1/2 n^2 + 2λn + λ^2 − 1/4 for λ > −1/2. (3.1)

Substituting α = β = λ − 1/2 in (1.2), we obtain ζ_{n,1}(λ) < √ n^2 + 2λn + λ + 1/2 n^2 + 2λn + λ^2 − 1/4 for λ > −1/2. (3.2)

Although our estimate (3.2) is obviously weaker than (3.1), its advantage is that it is an immediate consequence of an estimate for x_{n,1}(α, β), while all the previous results hold specifically for the largest zeros of ultraspherical polynomials. We employ the inequality (3.1) in order to give a very short proof of Corollary 1.

Proof of Corollary 1. It was pointed out by Elbert and Laforgia [2] that for any positive integer n √ λζ_{n,1}(λ) −→ h_{n,1} as λ → ∞. Then multiplying (3.1) by √ λ and letting λ to diverge, we obtain the desired result. □ Proof of Corollary 2. Let A(n, α, β) be defined by

A(n, α, β) = 4n(n + α + β + 1) + (α + β)(α + β + 2) + α^2 − β^2.

Then inequalities (1.1) and (1.2) yield 1 − x_{n,n}(α, β) < A(n, α, β) + √ B(n, α, β) 4n(n + α + β + 1) + (α + β)(α + β + 2)

(3.3) and 1 − x_{n,1}(α, β) > A(n, α, β) − √ B(n, α, β) 4n(n + α + β + 1) + (α + β)(α + β + 2)

, (3.4)

respectively. On the other hand, by (6.71.11) in [13], we have lim_{β→∞} β 2 (1 − x_{n,n}(α, β)) = x_{n,1}(α) (3.5) and lim_{β→∞} β 2 (1 − x_{n,1}(α, β)) = x_{n,n}(α). (3.6)

Since A(n, α, β) = 2 ( (2n + α + 1)β + 2n(n + α + 1) + α^2 + α ) and B(n, α, β) is a quadratic polynomial in β with leading coefficient 4 ( (2n + α + 1)^2 + 1 − α^2 ) , then the relations (3.3) and (3.5) imply (1.5). Similarly, (3.4) and (3.6) yield (1.4). □

References

[1] Á.Elbert and A.Laforgia, Upper bounds for the zeros of ultraspherical polynomials, J.Approx.Theory 61 (1990), 88-97.

[2] Á.Elbert and A.Laforgia, Asymptotis formulas for ultraspherical polynomials P^λ_n (x) and their zeros for large values of λ, Proc. Amer. Math. Soc. 114 (1992), 371-377.

[3] Á.Elbert, A.Laforgia and L.Rodonó, On the zeros of Jacobi polynomials, Acta Math.Hungar. 64 (1990), 351-359.

[4] K-J. Förster and K. Petras, On estimates for the weights in Gaussian quadrature in the ultraspherical case, Math. Comp. 55(1990), 243-264.

[5] E.K.Ifantis and P.D.Siafarikas, Differential inequalities on the largest zero of Laguerre and ultraspherical polynomials, in “Actas del VI Simposium on Polinomios Orthogonales y Aplicationes,” pp. 187-197, Gijon, 1989.

[6] E.K.Ifantis and P.D.Siafarikas, Differential inequalities and monotonicity properties of the zeros of associated Laguerre and Hermite polynomials, Ann. Num. Math. 2 (1995), 79-91.

[7] M. E. H. Ismail and X. Li, Bounds on the extreme zeros of orthogonal polynomials, Proc.

Amer. Math. Soc. 115 (1992), 131-140.

[8] A.Laforgia and P.D.Siafarikas, Inequalities for the zeros of ultraspherical polynomials, in “Orthogonal Polynomials and Their Applications,” (C. Brezinski et al., Eds.), pp. 327-330, IMACS, 1991.

[9] E. M. Purcell, “Electricity and Magnetism, Berkeley Physics Cuorse - Volume 2”, McGraw- Hill, New York, 1963.

[10] T.J. Stieltjes, Sur les quelques théorémes d’algébre, C.R. Acad. Sci. Paris 100(1885), 439-440.

[11] T.J. Stieltjes, Sur les polynômes de Jacobi, C.R. Acad. Sci. Paris 100(1885), 620-622.

[12] T.J.Stieltjes, Sur les racines de l’équation X_n = 0, Acta Math. 9(1886), 385-400.

[13] G.Szegö, “Orthogonal polynomials,” 4th ed., Amer. Math. Soc. Coll. Publ., Vol. 23, Providence, RI, 1975.

[14] G.Valent and W. Van Assche, The impact of Stieltjes’ work on continued fraction and orthogonal polynomials: additional material, J. Comp. Appl. Math 65(1995), 419-447.

[15] W. Van Assche, The impact of Stieltjes’ work on continued fraction and orthogonal polynomials, in “T. J. Stieltjes: Collected papers, Vol. I” (G. van Dijk, ed.), pp. 5-37, Springer-Verlag, Berlin, 1993.