EXTREMAL UNIVALENT POLYNOMIALS SUBORDINATING
THE KOEBE FUNCTION

DIMITAR K. DIMITROV

ABSTRACT. We prove a surprising relation between univalent polynomials con-
structed by Suffridge in 1969 and positive trigonometric polynomials discove-
red by Fejér in 1915. This helps us to establish a kind of distortion result about
univalent polynomials with real coefficients and to respond, at least partially,
a question of Greiner and Ruscheweyh.

1. INTRODUCTION

Let D = {z : |z| < 1} be the unit disc in the complex plane and A(D) be the set
of analytic functions in D. A function f € A(D) is univalent in D if f(z1) # f(22)
whenever 21,29 € D, 21 # z9. Andriecskii and Ruscheweyh [2] proved the following
result about polynomial approximation to conformal maps of D.

Theorem A. There exists a constant ¢ > 0 such that, for each f(z) univalent in D,
there exists a sequence of polynomials p,(z), all univalent in D with p,(0) = f(0),
such that

(1.1) f(pnD) Cpu(D) C f(D), pn=1-c/n,
for every n > 2c.

If f,g € A(D), the function ¢ is called subordinate to f when there exists
¢ € A(D), such that |¢(z)| < |z| for any z € D and f = go . If ¢ is subordinate
to f we write ¢ < f. Since, when f is univalent, the subordination g < f is
equivalent to the fact that g(0) = f(0) and g(D) C f(D) hold simultaneously, then
(1.1) can be rewritten in the form f, < p, < f, with f,(2) := f(pz). It turns
out than 1/n is the correct order of approximation by subordinate polynomials
because Greiner [12] proved that ¢ < 73 and Greiner and Ruscheweyh [13] provided
an example which shows that ¢ > m. In order to do this Greiner and Ruscheweyh
approximated the Koebe function k(z) = z/(1—2)? by univalent polynomials which
are slight modifications of polynomials constructed by Suffridge [17].

Suffridge studied the classes of univalent polynomials

. x=n—k+1lsinkjr/(n+1) ,
Sn(ﬁz)iz n sinjm/(n+ 1) @ JEN
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He established various extremal properties which show that s,(z) := s,(1;z) are
“good” approximations of k(z). For example, they obey an “asymptotic Koebe
1/4-theorem”, namely,

inf s, 1/4 :
IE%D|S ()] — 1/4 as n —

and, for each n € N, the above infimum is attained for z = —1.
The convolution (or Hadamard product) of

z) = iakzk, and g(z Zbkz
k=0

is defined by
(f*9)( Z abz".

In [13], the polynomials

cot(w/(2n+2))zn:n+lfk:, kr

An(z) =14 12 sin

z
— k n+1

were considered. It is easily seen that (k x A,)(z) = zA/(2) and this polynomial
is a constant multiple of s, (z), where the constant of normalization is chosen in
such a way that (k * A\,)(—1) = —1/4. Then, it was pointed out in [13], that
ke, < k* X\, <k for

1 —sin(n/(2n + 2))

1+sin(r/(2n +2))

Since ko (D) ¢ (k= A, )(D) for every € > e,, then ¢ > 7 at least when one considers
subordination of starlike functions. Recall that f(z) is starlike (with respect to the
origin) if f is univalent in D and, together with any of its points w, the image f(D)
contains the entire segment {tw : 0 < ¢ < 1}. This result motivated Greiner and
Ruscheweyh to formulate the following

(1.2) en =

Conjecture A. Let f be a univalent mapping from D onto some domain 2 C C,
starlike with respect to the origin. Then f x A\, is a univalent polynomial of degree
n with

(1.3) feo < fxAn < f,
where e, is defined by (1.2). If f is a rotation of the Koebe function, then e, cannot
be replaced by any greater number.

Being an extremal problem, with exact constants, for univalent functions, the
entire statement of the conjecture seems rather hard to prove. The modest task
of this paper is to establish another extremal property of s,(z). Our result may
be interpreted as a partial affirmative answer to the last statement about the sub-
ordination of the Koebe function. Let S and S,(R) be the classes of normalized
univalent functions and polynomials with real coefficients of degree n,

S={f(z)=z+ Zakz : ai € C, f is univalent in D},

Sn(R) = {pn(z —Z+Z’Yk2 : pn €S8, i €R}
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Theorem 1. For every p, € S,(R)

(1.4) - (cot %712)2%(1) <pn(—1) < — (tan %7:_2>2pn(1).

Moreover, equality in the right-hand side inequality (1.4) is attained if and only if
Pn(2) = sn(2) and the left-hand side inequality (1.4) reduces to equality if and only

7,fpn(2’) = _Sn(_z)'

It might be worth mentioning that s, (—z) = —s,(n, z). Theorem 1 implies the
following:

Corrollary 1. For every polynomial of the form
Pn(2) =712 +722% + -+ 72", withy, €R for k=1,...,n, and 7 > 0,
that is univalent in D and normalized by p,(—1) = —1/4,

(1.5) (tan )2 <pa(1) < (cot 2711 2)2.

Moreover, equality in the right-hand side inequality (1.5) is attained if and only if
Pn(2) = —5,(2)/(4sn(=1)) and the left-hand side inequality (1.5) reduces to equality
if and only if pn(z) = —sn(—2)/(4s,(1)).

As another interesting consequence we conclude that the last statement of Con-

jecture A is true at least when one considers subordination of k(z) by polynomials
with real coefficients.

2n + 2

Corrollary 2. If p, is a polynomial with real coefficients that is univalent in D
and satisfies p,(0) = 0 and
kp, < pn <k,

then p, < e,. Moreover, p, = e, is attained if p, =k * \y.

2. UNIVALENT POLYNOMIALS AND POSITIVE TRIGONOMETRIC SUMS

The main tool in the proof is a new relation between S, (R) and the nonnegative
trigonometric polynomials with real coefficients of certain order n € N,

n
T," = {ru(0) = ag+ Y _ (axcoskd + by sinkf) : ax, by € R, 7,(0) >0, 6 € R}.
k=1
Before we state it, we afford a short review about results of this nature. The inter-
est in univalent functions and polynomials and in the positive trigonometric sums
grew in the beginning of the twentieth century. It did not take a long time before
the natural and deep interplay between them was discovered. The main motiva-
tion for the study of the positive trigonometric sums was Fejér’s 1900 proof [7] of
the uniform convergence of Cesaro means of the Fourier series and his interest in
the Gibbs’ phenomenon. Fejér himself observed that the sequence of convolutions
K, * f(z) = (1/@2n)) [T f(z — 0)K,,(6)df of a 2m-periodic continuous function f
with nonnegative cosine polynomials K, (6) of order n converges uniformly to f
provided the coefficient ag of K, () is equal to one and they converge uniformly to
zero in the compact subsets of [—7, 7] that do not contain the origin. The sequences
of cosine polynomials with these properties are called positive summability kernels.
A vast number of such kernels were constructed already in the first three decades
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of twentieth century. To the best of our knowledge Alexander was the first to in-
vestigate subclasses of univalent functions studying their geometric properties. In
1915 he wrote the fundamental paper [1] illustrating his ideas by examples involv-
ing univalent polynomials. In the beginning of the thirties Dieudonné [5] provided
a necessary and sufficient condition for an algebraic polynomial to be univalent.
It appears as Theorem B below and, as is seen, already reveals the intimate con-
nection of univalent polynomials with the trigonometric sums. Approximately at
the same time Fejér [9, 10] initiated the study of the so-called “vertically convex”
functions and his ideas took its final shape in a joint paper of Fejér and Szegd [11]
in 1951. The main result in [11] is another interesting connection between nonnega-
tive trigonometric polynomials and univalent algebraic polynomials. In 1958 Pdélya
and Schoenberg [16] studied the geometric properties of convolutions of univalent
functions with the celebrated de la Vallée Poussin positive summability kernel. We
stop with the review and refer to the papers [3, 6, 14, 15] for further information.

Our initial interest in the described interplay was to construct new summability
kernels through certain extremal univalent polynomials. Such an attempt was made
by Bertoni [4], where the Suffridge polynomials s,,(z) were taken as a natural source.
It was proved in [4] that

_2n (sinm/(n+1))% Ssn(e)]

(2.1) Kn(6) n+1 sin 6

)

is a positive summability kernel. Moreover, it turned out that the order of ap-
proximation of the corresponding convolutions for any 27-periodic function f is
w(f,1/n), where w(f,d) is the modulus of continuity of f. Thus another proof of
the classical theorem of Jackson in Approximation Theory was furnished.

It is clear that, if a p, € S,(R), then the trigonometric polynomial formed by
the imaginary part of p,(exp(i6)) is nonnegative when 6 € [0,7]. A formal proof
may be given by the following characterization of the univalent polynomials due to
Dieudonné [5].

Theorem B. The polynomial > _, Yu2¥ is univalent in D if and only if

n

in k6
Z%zk_lsm # 0 for every |z] < 1, and 0 < 6 < 7.

sin 6
k=1
Lemma 1. If
(2.2) pa(z) =2+ ) w2’ €8a(R),
k=2
then the cosine polynomial
n—1
cn—1(0) =ap+2 Z ay, cos(k0),
k=1
where
(2.3) Ve = Og—1 — ak+1, k=1,...,n,

with v1 :=1, an, := 0 and an41 := 0, is nonnegative for every 6 € R.
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Proof. Suppose that p, € S,(R) is of the form (2.2) and let 6 € (0,7) be fixed.
Then, by Theorem B,

sin(26) sin(nd)
0.2) =1 ey, 2ARY)
p(9,2) t72 sin 6 S sin 6
does not vanish when |z| < 1, and in particular for real values of z € [0,1). Thus
p(6, z) does not change sign for z € [0,1). Since p(#,0) = 1, then p(#,1) > 0. On
the other hand p(f, 1) is a cosine polynomial of order n — 1,

n—1

n—1

cn-1(0) =p(0,1) = ap + 2 Z ay, cos(kB).

k=1

The relation between the coefficients v; and aj in the two expansions of p(6,1) is
easily obtained. It is exactly as given in (2.3). O

3. PROOF OF THE MAIN RESULTS

In order to prove Theorem 1, we need some additional results. The first one is a
technical Lemma which is due to Suffridge [17] who proved that the representation
n+1 ; sin@(1 — (—1)7 et +1)0)
2n(cos @ — cos(jr/(n+1)))  2n(cosd — cos(jm/(n +1)))?

holds for every n,j € N, 1 < j < n and for each cos@ # cos(jn/(n +1)). Then we
obtain:

sn(J;2) =

Lemma 2. The representation

(3.1) S (sn(e”)) = 2::005(; - (C;Z:(W(;l(: Jlr)f)))Q

holds for every n € N.

The second fact we shall need is classical. After establishing the general represen-
tation of nonnegative trigonometric polynomials as squares of modulae of complex
polynomials, with arguments varying on the unit circumference, jointly with Riesz,
Fejér was interested in finding such trigonometric sum with certain extremal prop-
erties, especially those whose coefficients attain extremal values. One of the first
problems of this nature, solved by Fejér is the one we need. He proved in [8] that
the inequalities

aj
< — < cos

T
3.2 — oS

(3.2) n+1 ag n—+1

for the coefficients ag and a; of any nonnegative cosine polynomial of order n — 1,

n—1
ap +2 Z ay, cos(k0),
k=1
holds and equality in the right-hand side inequality (3.2) is attained only for the
positive constant multiples of the cosine polynomial

(3.3)

F’rj—l(e) =1+ : Z ((n — k) cos hn + sin((k + D/ (n + 1>)> cos k6.

n+1& n+1 sin(m/(n+ 1))
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Similarly, equality in the left-hand side inequality (3.2) is attained only for positive
constant multiples of

n—1

_ _ 2 km sin((k+ 1)w/(n+ 1))
Fn71(9)—1—|—n+1 ;(_1)7~C ((n—k)cosn+1 + sin(r/(n+ 1)) )Coske.

The following relation between the Suffridge univalent polynomials and the above
Fejér’s kernel is very much surprising and simultaneously it is clue observation
which led us to the main result of this paper.

Lemma 3. For everyn € N

Ssue®)  mtl )
sinf Qn(sin(ﬂ-/<n 4 1)))2 anl(o)
and ;
Ssn(n;e) n+1 -
sinf  2n(sin(r/(n +1)))2 Fo_4(0).

The proof follows either by Lemma 2 and the well-known representation

(sin(m/(n+1)))% (1 +cos((n+1)0)

F_(0) = n+1 (cosf —cosm/(n+1))?

of the Fejér kernel or by checking the relations (2.3) for the coefficients of s, (z) and
F | and for those of s,(n;z) and F, ;. We omit these technical details because
the calculations are straightforward.

Proof of Theorem 1. Let p,, € S;,(R). On using Lemma 1 we express the values
of p, at £1 in terms of the coefficients ay of the corresponding nonnegative cosine

polynomial ¢,,_1(6):
(1) = 1+7+7s+ -+ =ao+a,
pu(=1) = —14+vm -9+ +(=1)"m = a2 — ao.
Then
pr(—1) _ Gz —ag _ as/ag — 1
pn(1) as+ag as/ag+1
On the other hand, Fejér’s inequalities (3.2) yield

2 s s 2
—1 — cos 2~ -1 cos —— — 1
—(cot m ) _ rTzr+1 < az/ag < n+1 _ :—(tanﬂ>
2n + 2 1 —cos g azfag+1 = 1+ cos ;75 2n + 2
and equalities in the left and right-hand inequalities are attained only for F,_; and
FT |, respectively. Then Lemma 3 shows that the largest value —(tan(w/(2n +

2)))? of pn(—1)/p,(1) is attained only for p,(z) = s,(2) and the smallest value
—(cot(m/(2n + 2)))? only for p,(2) = s,(n;z). This completes the proof of the
theorem.

It is worth mentioning that the converse statement of Lemma 1 is not true. De-
spite that (2.3) is a one-to-one relation between the coefficients {7 }7 and {ax}o~ ",
there are nonnegative cosine polynomials ¢, _1(6) for which the corresponding poly-
nomials p,(z) are not univalent in D. That is why the one-to-one relations between
the Suffridge polynomials and the Fejér kernel, given in Lemma 3, is fundamental.

The statement of Corollary 1 is obtained by straightforward renormalization.
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Proof of Corollary 2. Necessary conditions that an univalent polynomial p,(z)

with real coeflicients, normalized only by p,,(0) = 0, satisfies

kp, <pn <k with 0 < p, <1,

are

pn(—1) > =1/4 and p,(1) > k(pn) = pu/(1 — pn)*.

These inequalities, together with the the right-hand side inequality (1.4), imply

p2 —2(1 + 2(tan(m/(2n + 2)))?)pn + 1 > 0.

Since the roots of this binomial are p,, = e, and p,, = 1/e,, and p, < 1, then we
must have p,, < e,. Moreover, by Corollary 1, the equality p,, = e,, is possible only
when p,(2) = —s,(2)/(4sp,(=1)) = (k * \p)(2). The fact that k., < k x A\, was
established in [13].

REFERENCES

[1] J. W. ALEXANDER, Functions which map the interior of the unit disc upon simple regions,

Ann. of Math. 17 (1915-16), 12-22.

[2] V. V. ANDRIEVSKII AND ST. RUSCHEWEYH, Maximal polynomial subordination to univalent

functions in the unit disc, Constr. Approz. 10 (1994), 131-144.

[3] R. ASKEY AND G. GASPER, Inequalities for polynomials, in “The Bieberbach Conjecture:

Proceedings of the Symposium on the Occasion of the Proof”’, (A. Baernstein II et al., Eds.),
pp. 7-32, Amer. Math. Soc., Providence, RI, 1986.

] V. BERTONI, The univalent polynomial of Suffridge as a summability kernel, manuscript.
] J. DIEUDONNE, Recherches sur quelques problémes relatifs aux polynomes et aux fonctions

bornées d’une variable complexe, Ann. Sci. Ecole Norm. Sup. 48 (1931), 247-258.

[6] D. K. DimiTROV, Extremal positive trigonometric polynomials, in “Approximation Theory:

A volume dedicated to Blagovest Sendov” (B. Bojanov ed.), pp. 136-157 Darba, Sofia, 2002.

] L. FEJER, Sur les functions bornées et integrables, C. R. Acad. Sci. Paris 131 (1900), 984~

987.

] L. FEJER, Uber trigonometriche Polynome, J. Reine Angew. Math. 146 (1915), 53-82.
] L. FEJER, On new properties of the arithmetical means of the partial sums of Fourier series,

J. Math. Physics 13 (1934), 83-88.

[10] L. FEJER, Untersuchungen iiber Potenzreihen mit mehrfach monotoren Koeffizientenfolge,

Litt. Acad. Sci. Szeged 8 (1936), 89-115.

[11] L. FEJER AND G. SzEGO, Special conformal maps, Duke Math. J. 18 (1951), 535-548.
[12] R. GREINER, On a theorem of Andrievskii and Ruscheweyh, in “Proceedings of the Ashkelon

Workshop on Complex Function Theory 1996”, pp. 83-90, Israel Math. Conf. Proc, Bar-Ilan
Univ., Ramat Gan, 1997.

[13] R. GREINER AND ST. RUSCHEWEYH, On the approximation of univalent functions by subor-

dinate polynomials in the unit disc, in “Approximation and Computation”, West Lafayette,
IN, 1993, pp. 261-271, Internat. Ser. Numer. Math. 119, Birkh&user, Boston, MA, 1994.

[14] A. GLucHOFF AND F. HARTMANN, Univalent polynomials and non-negative trigonometric

sums, Amer. Math. Monthly 105 (1998), 508-522.

[15] A. GLUCHOFF AND F. HARTMANN, On a “much underestimated” paper of Alexander, Arch.

Hist. Ezact Sci. 55 (2000), 1-41.

[16] G. Pérya AND L. J. SCHOENBERG Remarks on de la Vallée Poussin maens and convex con-

formal maps of the circle, Pacific J. Math. 8 (1958), 295-334.

[17] T. SUFFRIDGE, On univalent polynomials. J. London Math. Soc. 44 (1969), 496-504.

DEPARTAMENTO DE CIENCIAS DE COMPUTAGAO E EsTATisTICA, IBILCE, UNIVERSIDADE Es-

TADUAL PAULISTA, 15054-000 SA0 JOSE DO R10 PRETO, SP, BRAZIL

E-mail address: dimitrov@dcce.ibilce.unesp.br



